18.022 2014, HOMEWORK 10. DUE THURSDAY, NOVEMBER 20™

Collaboration on homework is encouraged, but individually written solutions are
required. Also, it is mandatory to name all collaborators and sources of information
on each assignment. Any such named source may be used.

FEach question is worth eight points, except the bonus question, which is worth
five. Four additional points will be given to any assignment in which there is an
honest attempt to answer every question (except perhaps the bonus question).

(1) Recall that the gravitational force exerted by an object at 7 of mass M on
an object at 7y of mass m is
- GmM
F=————(fy— 7).
70— 5 (70 —7)

The gravitational potential is

GmM
|70 — 771
or, if we denote 7y = (x0, Yo, 20) and ¥ = (x,y, z), then equivalently
GmM

U(if()»ymzo) = -

Vi(zo—2)2+ (yo — y)® + (20 — )2

It is easy to verify that F = —VU. Note that unfortunately the the defini-
tion of “potential” in physics differs from the mathematical one by a minus
sign. In this question we follow the physics convention.

Consider an object that occupies a solid region W C R?, and has density
0, where the density is defined as the ratio of mass to to volume. The
gravitational potential induced by this object at 7 is

Gmd
U(xo,Y0,20) = — ///W \/(xo s - g Z)dedydz.

The idea is that potential is additive; the potential induced by a number
of objects is the sum of the potential. Hence the potential induced by
an object occupying a region can be calculated by diving the region into
infinitesimal boxes and summing (i.e., integrating) the potential from each
box. The mass of an an infinitesimal box with volume dzdydz is ddxdydz.

Fix 0 < Ry < Ry. Let W = {(z,y,2) € R® : R} < 2% +y?+ 2% < R3}
be the set of points which are in the sphere of radius Ry but not in the
sphere of radius R;.

(a) Let 0 be such that the mass of the object is M. What is §7

(b) Let (x0,%0,20) = (0,0,a) with a > Ra, so that (xo, o, 20) is outside
the sphere of radius Ry. Calculate U(xg,yo, 20) in terms of G, M, m
and a, and show that it does not depend explicitly on the radii Ry
and Ry. How does this compare to the potential induced at (0,0, a)
by a point mass M concentrated at the origin? (Hint: use spherical
coordinates.)

(¢) Let (x0,90,20) = (0,0, a) for some 0 < a < Ry. What is U(zo, yo, 20)?
What is the force F' exerted at this point (recall that F = —VU)?
(Hint: the force in the  and y directions is zero, by symmetry.)

(2) In this question we will learn a little about what the Fourier transform is.
Let F be the family of functions f: [-1,1] — R with the following
properties:
e f is continuous.

o fiseven (ie., f(—z) = f(z) for all z € [-1,1]).
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Given f,g € F, define the “dot product” between f and g by

1
(f9) = [ (o) dz,
-1
and accordingly define the norm of f by

[f1= V(1)

or

1
2= [ rw2
-1
For n > 0, let ¢,: [—1,1] — R be given by
cn(x) = cos(nra),

and for n = 0 let co: [~1,1] — R be the constant function co(z) = 1/v/2.

Note that each ¢, is in F.

(a) Explain why every f € F is bounded, and that therefore its norm is
finite.

(b) Let f,g bein F, and let A € R. Verify that f4+g¢ € F and that Af € F.

(c¢) Calculate the norm of each cy,.

(d) Calculate the dot product (¢,,ck), given n and k. Hint: use the iden-
tity

2 cos(nmz) cos(kmx) = cos((n — k)mwx) + cos((n + k)wz).

(e) Let g(z) = arc1(x) + azea(x) + -+ - + amem(x) for some vector of con-
stants @ = (a1, ..., an). Show that a; = (g, cx).

(f) Let g be as in the previous question, and let f(x) = byc1(z)+boco(x) +
<+« 4 by () for some constant b = (by,...,by). Show that the dot
product (f,g) is equal to the dot product a - 5, and that norm of g is
equal to the norm of @. (Hint: try it first for small values of m (say 2
and 3) to understand why it is true in general.)

(g) Bonus question. As you will learn in more advanced courses, ev-
ery f € F can be written as the (perhaps infinite) sum f(z) =
Yoo o ancn (), where a,, = (f,c,). Use this to prove that

O

and that

n2 127

n=1

(Hint: consider f(z) = z?%.)



SRS

FIGURE 1. The curves r = 1 — cos(nf) for n = 1,2,3,4.

(3) Recall that we showed in class that the cardioid, the region enclosed by
the curve » = 1 — cosf, has area 37/2. We are interested in the region
enclosed by the curve r = 1 — cos(26). More generally, let D be the region
enclosed by the curve r = |g(6)|, for some continuous g: R — R such that
g(x+2m) = g(x) for all x € R. Given n € N, we would like to find the area
of the region D,, enclosed by the curve r = g(nf).

(a) Calculate the area of D in terms of a one-dimensional integral involving
g.

(b) Calculate the area of D, in terms of the area of D and of n. What is
the area enclosed by r = 1 — cos(26)?

(c) Using question 2, calculate the area enclosed by r = |a + bcos(0) +
ccos(20)+d cos(36)], for some constants a, b, ¢, d. (Hint: use the change
of variables 7z + 7 = 6.)



