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This a not a textbook. These are lecture notes.



1 Measures

1.1 Measuring and why it is hard

What is the area of the open unit disk D = {(x,y) : 22 + y2 < 1}? This is an old question, with
a (maybe) simple answer. An interesting question that came much later is: What do we
formally mean by “area”? For the unit disk there are a few different formal definitions, that
all give the same answer. One of them is the following: Start by saying that a rectangle
[a,b] x [¢,d] < R? has area (b —a)(d — c¢). Say that the disjoint union of a finite number of
rectangles has area which is equal to the sum of the areas of the rectangles (here we already
need to check that this is consistent, and it is). Finally, let the area of the disk equal the
supremum of all areas of finite disjoint unions of rectangles that are contained in it.

While this gives a good answer for disks and other nice (i.e., open) shapes like disks. It
has some nice properties:

1. The area of the unit square is one.
2. The area of the unit disk is 7.
3. The area of a subset A is equal to the area of its translate A + (x, y).

4. The area of a countable disjoint union A{ UAoU--- of open sets is equal to the sum of
the areas of A1,Aoq,....

But this notion fails for sets that are not as nice as D. For example, what is the area
of the unit disk minus its rational points: D \ Q?? According to this definition the answer
is zero. The same holds for the complement of this set inside D, and so we do not have
additivity for all sets. The same issue appears more generally in RY.

Ideally, what we want is a map u: oR? _, [0,00] with the following properties:

1. w(0,1))=1.
2. If A1, Ag,... are pairwise disjoint subsets of R? then

3. WA +x) = u(A) for any x € R? and subset A of RY.

Unfortunately, such a map does not exist. To see this, consider already n = 1. For simplicity,
we Willl in fact consider S! = {€2™* : x € R} c C, and show that there does not exist a measure
p: 25 —10,1] such that

1. w(SH=1.
2. If Aq,As,... are pairwise disjoint subsets of S! then

p(UnAy) =) uApy).
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equivalence class V Aq Ao

[x] X Ty (x) Tyy(x)
[y] Y Tuw(y) Tuwy(y)

[2] z Ty, (2) Tyy(2)

Table 1: The construction of (A,),. Each column corresponds to some A,, and each row is
an equivalence class. It is easy to see in this table that A, N A,, is empty when n # m.

3. WA -2)=u(A) for any z € S' and subset A of S*.

For w €[0,1) define the map T,,: S' — S! by Ty(z)=2z- e2™  Thig is simply a rotation
by 2nw radians. The third property is equivalent to u(7",,(A)) = u(A) for all A c St

Define an equivalence relation on S! by e*™* ~ 2" if x —y € Q. Equivalently, z ~ 2’
if there is w € Q N[0,1) such that T,,(z) = 2. Denote by [x] = {x-e?"7 : g € QN[0,1)} the
equivalence class of x. Choose a representative for each equivalence class, and let V be the
set of representatives.

Let W ={w;,ws,...} =Qn[0,1) be an enumeration of Q N[0,1), and let A, =T, (V). We
claim that A, nA,, = @ if n # m. To see this, suppose that T, (z)€ A, and T, (2') € A, for
z,2' € A. If [z2] = [2'] then z = 2/, since both are representatives, and hence T, (2) # Ty, (2').
If [2] # [2'] then [Ty, (2)] = [2] # [2'] = [Ty,,(2))], and so Ty, (2) # Ty, (2') (see Table 1). It
follows that

p(URAR) =) p(Ay).

Note the union U, A, is equal to ST, since {T'y,(2)+Ty,(2),...} =[2], and so the left-hand side
is equal to 1. But u(A,) = u(A) by translation invariance, and so the right-hand side cannot
equal 1.

Note that if we relax the countble additivty requirement and only require finite additiv-
ity, then such measures do exist. For n = 2 we can even have a measure that is also invariant
to rotations. However, for n = 3 it is impossible, even with finite additivity, to be invariant
to both translations and rotations. This is a consequence of the Banach-Tarski paradox.

1.2 Algebras, oc-algebras and measures

In the previous lecture we proved that we could not measure the length / area / volume
of general sets in R?. Our solution will be to restrict ourselves to measures that are only
defined on a subset = < 28’ of all sets.

For simplicity, consider the case of R. Which set Z should we choose? We want to make it
as big as possible, so that we have many sets we can measure, but we cannot make it too big.
We want to include open (say) intervals in X, since we know their measure. We want our
measure to be additive, and so we want to include countable unions of open intervals. And
likewise we want to include their complements. More generally, once we have included a set



in 2, we want to also include its complement, and we want to include all possible countable
unions of all sets we have already included.

If we are more generally trying to measure a set Q (rather than R? specifically) then we
want Z to have the following properties:

1. QeX.
2. IfAeXthen Q\A€ZX.
3. IfA1,Aq,...€ Z then U, A, € .

A collection of sets X that satisfies these properties is called a o-algebra. We say that X
is an algebra if it closed to finite unions, rather than countable unions. The pair ((2,X) is
called a measurable space.

Some (trivial) examples of o-algebras:

1. 2 ={»,Q}. This is the trivial o-algebra. It is contained in every o-algebra on Q.
2. > =29 This o-algebra contains every o-algebra on Q.

3. X is finite if and only if there is a partition Q =A;UAsuU...UA, such that ¥ consists
of all unions of partitions elements.

4. If Q is countable then every o-algebra is of the form above, but where the partition is
not necessarily finite.

5. For Q=01 xQo, 21={A1xQq9: A1 Q).

For a non-trivial example (which is very important in probability), let Q = RV, and let the
tail o-algebra be given by

T={AcQ:VweAVneNVxeR (w1,...,0p_1,%,Wp+1,...)EA}L
An example of A € T is

A={w: lirIann =17}

Returning to our case of 2 =R, we want to include in Z the open intervals. So, for Z to be
a o-algebra, we have to include in it many more sets, because once we have added the open
intervals we also have countable unions of open intervals, then we have the complements of
these, then we have countable unions of these, etc.

To construct our o-algebra, we make the following observation:

Lemma 1.1. Let (Z;);c1 be a collection of o-algebras of a set Q). Then N;Z; is a o-algebra.



It follows that for any collection © c 22 there is a minimal o-algebra that contains ©:
the intersection of all o-algebras that contain ©. Note that this set is non-empty because it
includes 2. We denote it by .#(©).

When Q is a topological space, the minimal g-algebra that includes all the open sets is
called the Borel g-algebra of (2, and is denoted by . This is the o-algebra for which we
will construct a measure on R. For the case of R, it is useful to note that % is also equal to
A (0), where O is (for example) the collection of the half-open intervals: ® = {(a,b] :a < b€
R}.

Given a o-algebra X over a set (), a measure is a map u: X —[0,00] such that

1. w(@)=0.

2. If A1,Aq,...€ X are pairwise disjoint, then

We say that u is finite if u(A) < oo for all A € £. We say that it is o-finite if there exist
Aq,Ag,... € X such that U, A, = Q and u(A,) < oo for all n. In this course we will focus
on finite and o-finite measures. Maps that satisfy only finite additivity are called finitely
additive measures. Given a measure u on a measurable space (£2,%), we will call (Q2,Z, 1)
a measure space.

Our goal in the next two lectures will be to prove the following theorem:

Theorem 1.2. There exists a (unique) measure [: Br — [0,00] such that u(la,bl)=b —a for
all b =a.

Note that this theorem implies that this measure is translation invariant, i.e., that
WA) = u(A +x) for all A € 8 and x € R, since for a fixed x, the map u,(A) = u(A +x) is
also a measure such that u,([a,b])=b —a.

The following are basic and useful observation about measures:

Claim 1.3. Let u: X —[0,00] be a measure. Then
1. IfA<BeXthen u(A)< u(B).
2. If A1,Aq,...€ Z then w(U,A,) <Y , u(Ap).
3. IfAjcAgc---€ X then wW(U,A,) =1lim, u(A,).
4. If A12A92:--€ X then (N, A,) =lim, u(A,), provided u(A,) < oco for some n.

The proof of the first claim follows from the fact that B=A uB\ A and (finite) additivity.
To see the third claim, define Ag = @ and B, = A, \A,,_1. Then B1,Bs,... are pairwise
disjoint and U, B,, = U,A,. We can now apply additivity to conclude that u(u,B,) =3, u(Bp).
Since ¥, w(By) =1lim, .7 _; u(B,) =lim, u(A,) (by additivity) we are done.



1.3 Outer measures

Let O be the set of open rectangles in the plane:
0 ={(a,b) x (¢,d) c R%}.

We denote the area of a rectangle R = (a,b) x(¢,d) by p(R) =(b—a)-(d —c). Given any subset
A cR?, a natural upper bound to its area is what is known as its outer measure:

1 (A) = inf{Zp(Rn) :R1,Rs,...€0,AC uan}.b (1.1)
n

This defines a map u*: oR® _, [0,00]. One can verify that—unlike the map proposed in
Lecture 1.1—this one gives the desired answer for D \ Q?, as well to its complement in
D, DN Q2% We will prove the former later in this lecture. To see the latter, enumerate
A=DnQ?=1{(q1,p1),(q2,p2),...}, fix any Q 3¢ >0 and let R,, = [g,, — £2‘n/2,qn +£2712] x
[pn— €272 p,+€27"2] so that p(R,) =4e27". Then A c U,R,,, and ¥, p(R,) = 4e.

More generally, let Q2 be a nonempty set, and let © be a collection of subsets of (2 that
includes @ and Q. Let p: ® — [0,00] be such that p(@) = 0, and define p*: 22 — [0,00] as
in (1.1). Then

Claim 14. 1. u*(¢)=0.
2. Forall A<Bc<Qit holds that u*(A) < u*(B).
3. Forall A1,Aqg,...€Q, u*(UA,) <Y u*(Ap).

Proof. (1) and (2) are left to the reader. For (3), denote A = U, A, and fix € > 0. Then for each
Ap there is a sequence ET,E5,E%,... € © such that A cULE} and ¥, p(EZ) <u*(Ap)+e27".
Then A c U, E} and ¥, ; p(E}) <e. O

Any map p*: 22 that satisfies the properties of this claim is called an outer measure.
Returning to our example of A =D \ Q?, we note that A c D, and so u*(A) < u*(D). On the
other hand, D = (D \ Q?)u(D N Q?), and so

(D)< (D\Q?) +u* (D NQ?) = pu*(D\Q?).

It will be useful to define our outer measures u* using a p that has more structure. In
the case of () =R, we can indeed extend p beyond intervals to the algebra generated by the
intervals. In particular, let ©¢ be any interval of the form (—oo,b]. Let </ be the algebra of
sets generated by ®¢. This includes the complements of the sets in <7, i.e., intervals of the
form (a,00), intersections of these sets, i.e., intervals of the form (a,b], and finite unions of
such intervals.

Let p: o/ —[0,00] assign to each A € o its length in the obvious way. Then

Claim 1.5. 1. p(@)=0.



2. If R1,R9,...€ o are pairwise disjoint and R = U, R, isin & then p(R) =), p(R,).

The proof of (1) is immediate. The proof of (2) takes some work, but we will skip it.
A map p from an algebra to [0,00] that satisfies these properties is called a premeasure.
Consider now the outer measure u* defined by a premeasure p.

Claim 1.6. For every R € o/, u*(R) = p(R).

Proof. Clearly u*(R) < p(R), since R < U,R,, for R =R1 =Ry =---. For the other direction,
choose R1,R3,...€ o/ suchthat R cuU,R, and }_,, p(R,) < u*(R)+e¢. Define S;, = RNR,. Then
R=u,S,. Let T, =S, \ UZ;}S,L. Then again R = U, T,, and now T1,T9,... are pairwise
disjoint. Since they are also in </, we have that

pR)=) p(Tp) <) p(R,)<u"(R)+e,

and so p(R) < u*(R). O
The next claim is an even more important property of u*.
Claim 1.7. For every R € < it holds for every A € Q that
p(A)=pu*(AnR)+u*(AnR°).
Proof. Since ANR and ANR¢ are disjoint, it follows by subadditivity that
pr(A) < (AnR)+u*(AnRC).

For the other direction, find R1,Rg9,...€ o such that Acu,R, and }_, p(R,) < u*(A)+¢. Let
S,=R,NR and T,, =R, NR®. Then

by the countable additivity of p. Now, AnR < uU,S, and AnR°<cuU,Ts. Hence
prA)+e=) p(Sp)+Y p(Ty) = p* (ANR)+p* (ANRC)
n n

O

This claim can be interpreted as follows: A set R € o/ has the nice property that if we
define the two maps uj(A) = u*(AnR) and p3(A) = p*(ANR®) then u* = ui +pu;, as we expect
from measures.

More generally, given any outer measure u* defined on Q) using some © and p, we will
say that S € Q is u*-measurable if

A= (AnS)+u"(AnS°)
for all A = Q. Note that for A that contains S, this translates to
p (S)=p*(A)-pu*(AnS°)

which is close to what we tried to do in the first lecture.
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1.4 Carathéodory and extending measures (by Lucas Abounader
and Santiago Adams)

In this lecture we will state (and prove!) Carathéodory’s Extension Theorem, which allows
us to take an arbitrary outer measure p* : 22 — [0,00] and construct a measure p = pu*|y :
T <292 - [0,00]. In particular, we will find a good way to exclude the pathological sets (that
confounded us in Lecture 1.1) in specifying the o-algebra X, by looking only at the “nice”
1 -measureable sets. Since premeasures induce outer measures (by 1.1), we will ultimately
be able to construct measures from arbitrary premeasures as well.

For those that have previously seen a construction of the Lebesgue measure, recall that
one starts with the more primitive concept of Lebesgue outer measure (and, preceding this,
the specification of a desired premeasure on elementary sets); this procedure is now pre-
sented in a slightly more abstract setting. The punchline here (in a way, justifying abstrac-
tion) is some guarantee of uniqueness, given the premeasure. Thus, when we apply the
results proven in this lecture to construct, e.g., Lebesgue-Stieltjes, Hausdorff, or product
measures, we can pat ourselves on the back, satisfied with the knowledge that the fruits of
our labor are the unique objects we're looking for.

* Recap of outer measure (u* : 22 _ [0, 00] satisfying ©* (@) = 0, monotonicity for A c B,
and countable subadditivity).

* Recap of u*-measurable (VA, u*(A)=p* (AnR)+u* (AnR®)=pu* (AnR)+u"(A\R)),
highlighting that we want the set R to be able to split any set A in a way that recovers
1 (A).

Theorem 1.8 (Carathéodory). If u* is an outer measure on (), then the collection X of u*-
measurable subsets of Q is a o-algebra, and the restriction of u* to Z is a measure.

Proof. We start with the claim that X is more weakly an algebra:
* (nonempty). @ € Z. In fact, for any null set N (u*(IN)=0), we have N € Z:
pr A< (ANN)+u*(A\N) = u*(A\N) < u*(A),
applying monotonicity (ANN € N = u*(AnN) <0) and subadditivity in succession.
* (complements). Note the definition of Z is symmetric with respect to R and R°€.

* (finite union). [Not going to go through this part in entirety; a bit tedious]. Suppose
A,BeX. Forany E € 2% we want to show

1 (E) = p*(En(AUB) +u*(E\(AUB)). (1.2)

It helps to classify points in E based upon their inclusions in A and B. That is, with
the partitions

Eyw:=E\N(AUB); Ei10:=(E\B)nA; Eo:=(E\NA)nB; E;1:=EnAnB,

11



we can convert 1.2 into the equivalent

p(EqUE10UE)©UE11)=p"(E10UEo UE11)+ u"(Eoo). (1.3)
Using A to split the sets E and E \ E( (applying p*-measurability):
P (EqUE10UE)qUE11)=pu" (E1oUE11)+p" (EgoUEo1) (1.4)
and
p(EUE)UE)=p"(EUE)+u (Eo), (1.5)
while using B to split E \ A we obtain
w(EoUE)=u (Eg)+u" (Eg). (1.6)

Collecting 1.4, 1.5 and 1.6 we obtain 1.3, as desired.
Now we extend finite unions to countable ones:

* (o-algebra). It suffices to consider only countable disjoint unions. (Why? Given (A ) en,
replace with (B}) e defined by B, = A, \ U;.Lz_ll Aj.) So we want

wrA)=pAn|JEN+u" AN JE)
=1 =1

for (E;)7° < X a collection of pairwise disjoint sets. < is given by subadditivity, so
we only need to prove =. Given N, define By = U;\f: 1E;, and note that By is pu*-
measureable.

For the difference,
By JE; = p"(ANJEj)) =u"(A\By).
J=1 J=1

For the intersection, we want
(e, 0]
LAnJE) < lim p*(AnBy).
j:]. N—’OO

Since the By are u*-measureable, for any N
p (AnNBy+1)=p (ANBy)+u" (ANEn.1\Bpy),

leading to the expressions
* Nl * (im) . % - %
pANBN) =} p(ANEy1\By) = lim p (AnBy)= ) p (ANEp.1 \By).
n=0 —o0 n=0
Finally we note that U2 ,(ANE,+1\B,)is just AnU;2, Ep, so by countable subaddi-
tivity
u(An U E,)< Z u(ANE,1\B,),
n=1 n=0

as desired.
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The second part of the theorem states that yu = u*|s is in fact a measure. The only thing
p1* is missing is (o-)additivity.

* (additivity). We need to show
W(UJEN=z ) wi(E)
j=1 j=1

for E1,Es,--- € Z disjoint. This turns out to be equivalent to finite additivity, as demon-
strated:

N N 00 00 00

(VN): Z,U*(Ej)s,u*(UEj)Su*(UEj) = ZIJ*(EJ')SIJ*(UEJ'),

j=1 j=1 j=1 j=1 j=1
and the finite case follows directly from the key p*-measurability property of X: For
E F € X disjoint,

u*(EUF)=u"(E)+u*(F).

O

* Recap of premeasure; yg : &/ — [0,00] on an algebra of with py(@) =0, and ,uo(U‘J’.‘;lR )=
Z;’-Zl po(R ;) whenever R1,Rg,--- € & disjoint and the union lies in .

¢ Recall that

u;(A):inf{Zp(Rj):RjEG), Ac URJ-}
j=1 j=1

is an outer measure for any function p : ® — [0,00] with ¢,X € ® and p(@®) =0, and
thus for any premeasure yy.

Theorem 1.9. Let of be an algebra of subsets of (), let po: o/ — [0,00] be a premeasure, and
let B = M() be the o-algebra generated by /. Then u= u*|g is a measure on 9B that
extends [y, and this measure is the unique extension if ug is o-finite. [If time] Even if ug
is not o-finite, given another extension v of o, then we have v(E) < w(E) for all E (so u is
maximal) and v(E) = W(E) whenever u(E) < oco.

Proof.

* Equation 1.1 and Carathéodory’s Theorem (Theorem 1.8) present the construction of
i:Z —[0,00] on a (potentially larger!) o-algebra X 2 of of u*-measureable sets.

* Suppose that E € 9, and take any cover U‘J’.‘;IA i 2 E where Aj € o/. Then if v is
another extension, v(E) < Z‘J’.‘;l v(Aj) = Z‘J’.‘;l po(A ), so v(E) < u(k).
Let A = U‘J’.‘;IAJ; then
n n
v(A) = r}i_{gloV(JL__JlAj) = ’}Lrgou(JL_JlAj) = u(A).

13



If u(E) < oo we can pick A; such that u(A) < u(E)+e¢, so u(A\E)<e and
WE) < wA)=v(A)=v(E)+v(A\E)<v(E)+ W(A\E)<Vv(E) +e.
€ is arbitrary, hence v(E) = u(E). This proves the last claim.

* Finally, suppose yg is o-finite, and take a countable partition U‘J’.‘;l Aj=Qwith po(A;) <
oo (we can use the familiar trick and assume the A; are disjoint). Then for any E:

WE)=Y WEnA)=Y v(ENA)=vE).
j=1 j=1

O

As a Corollary, we can prove Theorem 1.2. Take the premeasure p on the algebra <«
generated by {[a,d) :a,b € R}, use Theorem 1.9 to obtain a measure p on X = .#(</), and note
that (/) = B.

1.5 Complete measures and Borel measures on R

Let (Q,%) be a measurable space, and let u: £ — [0,00] be a measure. We say that A € X is
a null set if u(A) = 0. We say that something holds almost everywhere (or p-almost every-
where) if the set of points at which this something holds has a null set as its complement.

Given (Q,Z,u) we define Zg={N € X : u(N)=0}. Let 29 ={M < Q : M < N for some N €
2o} be the collection of all sets that are contained in a null set. We would like to extend u
to a measure fi that is also defined over X, by assigning 0 to all S € Zy. It turns out that
this is possible, and that furthermore this extension will have advantages beyond having a
larger domain.

Since we want to include 2y and X in the domain of ji, we need to include = = .#(ZyUX).
This o-algebra is called the completion of X (with respect to u. It happens to be simple to
construct.

Claim 1.10. Z2={AUM : A€X and M € 2}

Proof. Denote T={AUM : A€ X and M € %y}. Clearly T < . Hence, to prove the claim it
suffices to show that T is a g-algebra.

While X is not a g-algebra (since it is not closed to taking complements), it is closed to
countable unions, since by the subadditivity of u it holds for A;,A,,... € Z( that

n

Hence T is also closed to countable unions.

Since Q € T, it remains to be shown that T is closed to complements. To this end, consider
anyC=AUMeT withAeXand Mc N forsome NeXy. Let M =M\A and N'=N\A.
Then C = AuM' with M' c N' € X, and furthermore AUN’'=AUN € X. Hence

C°=(AuM')=(AUN)UuWNN'\M")

which is also in 7. O
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Theorem 1.11. Given (Q,X, u) there is a unique measure ji: * — [0,00] that extends .

The measure fi is defined as follows: Given A € X and M € X, let ji(A UM) = u(A). It is
easy to verify that fi is well defined and is indeed a measure. Furthermore it is complete,
in the sense that every subset of a null set is measurable.

When pu: %Br — [0,00] is the unique measure such that u([b —al) = b —a, we call i the
Lebesgue measure, and %y the set of Lebesgue-measurable sets.

A larger class of measures can be constructed in a similar way. Let F: R — R be an
increasing, right continuous function, i.e., lim,\ 4, F(x) = F(xp). We can define a premea-
sure p((b,al) = F(b)—F(a), and from there a measure ur: Br — [0,00] that satisfies the
same. Right continuity is essential, because the continuity of y means that lim,\ ,, u((x, b]) =
1((xg, b]). Points of discontinuity of F' correspond to atoms: x € R such that u({x}) > 0.

In the other direction, for every u that assigns finite measure to bounded sets we can
define F(x) = u((0,x]) for nonnegative x and F(x) = —u((x,0]) for negative x. Then u = ur.
When p is a finite measure then we can take lim,_._., F(x) =0, and F is called the cumula-
tive distribution function of p.

The complete measure iy : %Bg — [0,00] is called the Lebesgue-Stieltjes measure associ-
ated with F'. These measures enjoy some nice properties.

Claim 1.12. For u= ur and A € B such that (A) < oo then following holds
1. For each € >0 there exists a finite union U of open intervals such that W(AAU) <e.
2. wA)=inf{u(U) : U is open and contains A}.
3. There is a G4 set B containing A such that u(B\ A) =0.
4. p(A) =sup{(K) : K is compact and is contained by A}.
5. Thereis an F; set C contained in A such that W(A\C)=0.
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2 Integration

2.1 Integration of nonnegative functions

Let (Q1,21),(Qg,22) be measurable spaces. A map f: Q1 — Qo is measurable if f"1(A) e X;
for all A € Z9. In other words, if for any A € Xy it holds that {w; € Q : f(w1) € A} is in Z;.
When f is measurable, f~1(Z3) is a sub-o-algebra of £;. We can think of this sub-o-algebra
as what you can measure when you only observe f(w;) rather than w;. Given a measure
pt1: Z1 — [0,00], a measurable f: X; — 29 induces what is known as the pushforward
measure (2 = fil1: X9 — [0,00] given by u2(A) = ,ul(f_l(A)). Thus, when we can measure
1, a measurable function f: Q1 — Q9 allows us to measure subsets of Q.

Claim 2.1. Let (Q1,Z1),(Qq,29) be measurable spaces, and let X9 = 4 (®). Then f: Q1 — Qg
is measurable iff f"1(R)€ X1 for all R € ©.

In the context of (Q2,X) we say that a map f: Q — R is (Borel) measurable if it is measur-
able as a map to (R, %R). By the claim above, to prove that f: 2 — R is measurable it suffices
to show that f~1((—o0,a]) € X for all a € R.

The set of measurable functions f: 2 — R is a vector space:

Claim 2.2. If f,g are measurable then soare f +g and A-f.

Likewise, max{f(x), g(x)} is measurable. Given measurable functions fi, fo,..., the func-
tions sup,, f,(x),limsup,, f,(x) are also measurable.

We say that a function s: 2 — R is an indicator function if there is an A € Q such
that s(w) =1 for w € A and s(w) =0 for w ¢ A. We denote the indicator function of A by 14.
Note that 1,4 is measurable if and only if A € Z; we will only consider measurable indicators
henceforth.

Let (Q2,X) be a measurable space, and let u: X — [0,00] be a measure. We would like to
define a notion of integral, or the “area” under a measurable function f: Q — Rx.

Formally, denote by L* the set of measurable functions Q@ — Rs9. We would like a func-
tion ®: L* — [0,00] that satisfies the following properties for any f,g € L*. We will call
these properties the axioms of integration.

1. Calibration. If f = 14 then ®(f) = u(A).
2. Homogeneity. ®(1-f) = AD(f) for all 1 = 0.
3. Additivity. O(f + g) = O(f) + O(g).

Note that additivity implies monotonicity: If f < g then ®(f) < ®(g). This is because f < g
means that g—f e L*, and so D(g) = ®O(f +(g— 1)) = D(f)+P(g— ) = P(f), because P(g—f) €
[0, col.

We will show that when pu is finite there is a unique @ that satisfies these axioms for
bounded functions, and that it furthermore admits a simple form.
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The idea is the following. Given an indicator function f = 14, we define its integral by
J f(w)du(w) = w(A). We say that a function is simple if it is a finite linear combination
of indicator functions. Equivalently, a function f: Q — R is simple if it has a finite image.
Consider a simple function s: Q — R given by s(w) = eryzl a,la,(w). We define its integral
by

N
f @) dp@) = 3. anp(An).

n=1
Note that there may be multiple representations of s as finite linear combinations of indica-
tor functions, so one needs to check that this is well-defined. The idea behind showing this
is writing each simple function as a linear combination of the indicators of a finite partition
of Q. This partition is given by the preimages of the (finitely many) different elements of
the image of s. That is, each simple s can be written in a canonical form given by

S((l)): Z x]].s—l(x).

xelm(s)

Hence

f sdp@)= Y x-p(s@).
x€Im(s)

The motivation for this definition is that if ® satisfies calibration, homogeneity and addi-
tivity then it must be of this form for any simple function. Indeed, using the canonical form
it can be shown that [(s1+s2)du= [s1du+ [sodu.

We finally define the integral of any measurable f: Q — R>¢ by

ff(w)d,u(w) = sup{fs(w)du(w) :sissimpleand 0<s < f}.

Theorem 2.3. Suppose that u is a finite measure and ® satisfies the axioms of integration
for every bounded measurable f € L*. Then for every such f

o(f) = f () duo).

Proof. First, we need to show that the map f — [ f du satisfies the axioms of integration. In-
deed, this holds even without the assumption that u is finite and f is bounded. Monotonicity
and homogeneity are immediate from the definition. For calibration, suppose that f = 14.
Then [ fdu = u(A) by the definition of the integral. For any simple s such that 0 <s < f it
must hold that s(w) =0 for w € A and s(w) <1 for s € A. Hence

fsd,u: Yo oxu(si@)= Y xp(sT@nA)+ Y xu(sT'@nA) s Y p(sTM@nA) s wA).

xelm(s) xelm(s) xelm(s) xelm(s)

Subadditivity follows from the definition. We will show additivity later.
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To show uniqueness, we observe that calibration, homogeneity and additivity imply that
®(s) = [sdu for all simple s. It follows from the definition of the integral and monotonicity
that ®(f)= [ fdu for all f =0.

If f = 0 is bounded, then for every € > 0 there exist simple functions s,# suchthats<f <¢
and t—e<f <s+e. To see this, for n =1,2,... let A, ={w : f(w) € [ne,(n + 1)¢)}, and let
s=),nely, and t =3 ,(n+1)ely, =s+eu(Q2). Note that these sums have only finitely
many non-zero summands since f is bounded. By monotonicity and additivity (for simple
functions) we have that

CD(f)s@(t):ftd,u:fsdu+£u(ﬂ)sffdu+eu(ﬂ).

Since this holds for every € > 0 we have shown both directions. O

2.2 Monotone convergence

Let (Q, X, u) be a measure space. We have claimed, but not shown, that f — [ f du is additive:
J(f+g)du= [fdu+ [gdu. In this lecture we will show this, and furthermore show that it
is countably additive.

Recall that we denote by L* the set of measurable functions Q — Rx.

Claim 2.4. For any f € L*, [fdu=0iff u{w : f(w)>0})=0.

Proof. Let B,, = f~X([1/n,00)) be the set of w such that f(w) = 1/n, and denote B = U,B,, =
{w : f(w)>0}. Note that 0 < %Ian <f,andso [fdu= %,u(Bn).

Suppose that [ fdy=0. Then u(B,) =0, and hence u(B) = w(u,B,) =0.

Suppose that u(B) = 0. Then u(B,) = 0. Towards a contradiction, suppose that [ fdu > 0.
Then there is some indicator 14 and a > 0 such that ally < f and 14 > 0. Hence f(w) = a for
we€ A, and so A € B,, for some n large enough. But then u(A) = 0, and we have reached a
contradiction. O

Given f € L* and A € X we denote

| fau=[f-1aan

Claim 2.5. Given a simple s =0, the map

Us: 2 —[0,00]

A~ f sdy
A
is a measure on (£, 2).

Proof. Let A1,Aq,...€ Z be disjoint, let s = Zé{:l brlp,, and denote A =U,A,. Thens-14 =
Zle brlp,na, and so

K K
,us(A):fAsd,u:fs(w)llA(w)d,u: Z bruBrnA)= Z by, ZM(Bk nAn):Z,us(An).
k=1 k=1 n n
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Theorem 2.6 (Monotone Convergence). Consider f1,fs2,...€ L™ such that fn4+1=fn forall n
and f(w) =1lim, f,(w) < oo for all w. Then lim,, [ f,du= [ fdu.

Proof. By monotonicity [ fdu=1lim, [ f,du. For the other direction, let s be a simple func-
tion such that 0 <s < f, and fix any a € (0,1). Let A,, ={w : f,(w) = as(w)}. Since lim,, f,, = f,
and since as(w) < f(w) for all w such that f(w) >0, we have that A,, €A, 1 and UA,, =Q. It
thus follows from Claim 2.5 that

fasdu:f asd,u:,LLS(Q):lim,uS(An):limf asd,uslimf fnd,uslimffndu.
Since this holds for every such s, we can conclude that

affduslimffndp.
n
And since this holds for every a € (0, 1) this holds also for a = 1.

Theorem 2.7. For f,g € L™ it holds that [fdu+ [gdu= [(f +g)dpu.

Proof. Similarly to the proof of Theorem 2.3,we can find a sequence of simple functions
$1,89,...suchthat 0<s, <f, sy,+1 = s, and lim, s, (w) = f(w) for all w: Let

E kE+1
on’ gn

2. . .
and let s, = Z%_nl 2k—nll k- Construct a similar sequence #1,1#s,... for g.
- n

Since s, +t, < f +g and lim, s, + t, = f + g, it follows from the Monotone Convergence
Theorem (Theorem 2.6) that

Aﬁ:{w (flw)e

f(f+g)d,u=lirrlnf(sn+tn)du.

Since integration is additive for simple functions, this equals to [ fdu+ [ gdu. O
Theorem 2.8. Let f1,fo,...€L". Then Y, [ fndu=[Y, fndp.

Proof. Let gn =%} _, fn- Then g1,8¢,... satisfy the conditions of the Monotone Convergence
Theorem (Theorem 2.6) and so

n
| S tuau= [timgndu=tim [ gndun =1tim [ 3" fdn.
7 n n n =1
Since we have finite additivity (Theorem 2.7) we can exchange the sum and integral, which
concludes the proof. O

Given a measurable function f: Q — R, we denote

f(w) = max{f (w),0}
[ (w) = max{—f(w),0}.
We say that f is integrable if [ f*dpu is finite or [ f~ du is finite. For integrable f we define

[ rau=[rau- [ an
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2.3 Fatou’s Lemma and dominated convergence (by Joey Litvin and
Bharathan Sundar)

We denote by L = L(Q,Z,u) the set of equivalence classes of measurable functions Q — R,
under the equivalence relation in which f and g are equivalent if

o, f(w)# g(w)}) =0.

That is, if f and g agree almost everywhere.

Denote by L' = L1(Q,X,u) c L the set of equivalence classes of integrable functions
f: Q — R such that [fdu e R. As for LY, we will sometimes abuse notation by writing
f € L1, by which we mean that the equivalence class of f is in L'.

Claim 2.9. For f,ge LY, if y{w : f #8}))=0then [, fdu= [, gduforall A€Z.

In this lecture we will build upon the monotone convergence theorem and prove Fatou’s
Lemma. We will prove an important result about the convergence of a sequence of functions
in L': the (Lebesgue) Dominated Convergence Theorem. Finally, we will prove an inter-
esting corollary about a series of functions in L. Recall that we denote by L* the set of
measurable functions QO — R~g.

Theorem 2.10 (Fatou’s Lemma). Consider f1, f2,...€ L*. Then liminf, [ f, du = [liminf, f, du.

Proof. First notice that for £ = 1 we have that inf,,>;, f,, < f; for any j > k. Thus we have

finffnd,usffjd,u
n=k

when j > k. From this we can also deduce that
finffnd,u < infffjdu
n=k Jj=k
since our only condition on j was that j = k. Now taking k£ — oo this inequality becomes:
lim f(inffn)d,usliminfffndu
k—o0 n=k

Finally note that the sequence ([inf, >, f,, du), satisfies f3 < fr+1 for each £ > 1. Hence we
can apply the monotone convergence theorem to deduce that

liminff In d,uzklim ‘[in]f;fn d,u:fliminffn du.
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Let us look at a concrete example where we have strict inequality. Consider the sequence
of functions

fn=nly 15,

. Here, we note that [liminf, f,, du = 0, while liminf, [ f,,du =1, so we have a case where
equality is broken. Intuitively, Fatou’s lemma shows us that that integrating after taking
the lim inf can cause us to lose some “mass” in the process.

Now that we have the Monotone Convergence Theorem and Fatou’s lemma under our
belt, we have the machinery we need in order to present the main convergence result: the
Dominated Convergence Theorem.

Theorem 2.11 (Dominated convergence). Consider f1,fs,...€ L such that lim,, f,(®) = f(w)
for some f and almost every w € Q, and there exists a g € L' such that |f,| < g almost every-

where for all n. Then f € L' and lim,, [ f,du= [ fdu.

Proof. First we need to show that f is a measurable function. The rigorous proof of this is
a bit tedious and not the most interesting, and so we will skip it. Also we have that |f|< g
almost everywhere since |f,,| < g almost everywhere. From this we deduce that f € L! since
geLl.
Next notice that

|fn| =8 = OSg_Int Sg_fn
and

fnl=g = 0<g-Ifal<g+fa

Now we want to apply Fatou’s Lemma to get:

fgd,LH—ffd,u:f(g+liminffn)duSliminff(g+fn)du:fgd,u+liminfffndu

Again using Fatou’s lemma with the other inequality we get:

fgd,u—ffd,u:f(g—limsupfn)d,usliminff(g—fn)d,u:fgdp—limsupffnd,u.

From these two inequalities we have that
limsupffn du < ffdp < liminff frndu
n

from which we are able to deduce that lim,_.o. [ frdu= [ fdpu. d

We now return to a version of the example we explore for Fatou’s lemma, where f, =
nlo,1/n- Here, we have the functions f, as “boxes” of length %, with height n. We note
that no function dominates this sequence. As in the case of Fatou’s lemma, the limit of the
integral tends to 1, while the integral of the limit tends to 0.

Finally, we can use the Dominated Convergence Theorem to better understand a series
of functions in L. In particular, we can prove a similar Dominated Convergence Theorem
type result for series of functions.
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Corollary 2.12 (Dominated Convergence Theorem for series of functions). Consider f1,f2,...€
L' such that ¥, J1fnldu <oco. Then Y, fn converges almost everywhere to some f € LY, and

Yo fadu=[fdpu.

Proof. By Theorem 2.8, we have that [Y°|f,| = X5 [|fal <oo. Define g = ¥{°|f»|, and note
that ge L! by assumption. Then, by the above claim, we note that }.{°|f5,(w)| is finite almost
everywhere, and for almost every w we have that }.{° f,(w) converges. Now, we can define
hy = Zf’;:l fn, and similarly A =limy h;,. We note that |h;| < g almost everywhere by the
triangle inequality V&£. We now apply the Dominated Convergence Theorem to the sequence
of partial sums. We write that

00 k
Z fndﬂ:hmz fndu
n=1 k n=1

. By finite additivity of integrals in L', we can interchange, so

k
:limf and,uzlimfhkdu
EJ = k

Now applying the Dominated Convergence Theorem yields

:fhdﬂ:frszdﬂ

as desired. O

2.4 Modes of convergence

Let (Q, X, 1) be a measure space, and let f, f1, f2,... be measurable functions QQ — R. There
are a number of different interesting senses of convergence of the sequence f1,f2,... to f,
which we will explore in this lecture.

A strong sense of convergence is uniform convergence: f, converges uniformly to f if
for all € > 0 it holds for all n large enough that |f,,(w)— f(w)| < €. This notion does not depend
on the measure. As an example f;, = n_l]l[o,n] converges uniformly to 0.

Another natural notion that does not depend on the measure is pointwise conver-
gence, in which f,, converges to f if lim, f,(w) = f(w) for all w € Q. Again, this does not
depend on u. Uniform convergence implies pointwise convergence, but the converse is not
true unless Q is finite. As an example, f, = nl ,-1) converges pointwise to 0, but not uni-
formly, as does f,, = 1, n+1]-

Since we have a measure, a natural related notion is almost everywhere pointwise
convergence, which holds when lim, f,(w) = f(w) for all ® in some co-null set. Clearly
pointwise convergence implies almost everywhere pointwise convergence.

Let u,n be two measures defined on (2,%). We say that they are in the same measure
class (or just equivalent) if they have the same null sets: pu(A) = 0 iff n(A) = 0. Note that,
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unlike pointwise convergence, a.e. convergences does depend on the measure, but only on
the measure class.

Recall that L is the set of equivalence classes of measurable functions where f,g are
equivalent if they agree almost everywhere, and that L' < L is the subset of (equivalence
classes) of f such that [|f|du < co. We define a metric on L1, given by D1: L! x L — Ry
given by D1(f,g) = [|If — gldu. Note that this is indeed well defined, satisfies the triangle
inequality, and is equal to 0 iff f, g are equivalent. We say that f, converges to f in L' if
lim, [|f,—fldp = 0. Note that none of the above notions imply convergence in L. However,
if 11 is finite then a.e. uniform convergence implies convergence in L!:

Claim 2.13. If u(QQ) < oo and f, — f uniformly then f, — f in L1

Proof. Fix € > 0. Since f, — [ uniformly, |f, — f| < € almost everywhere for all n large
enough. It follows that [|f, — fldu < eu(Q)), and since this holds for all £ > 0 we have proved
the claim. O

In the other direction, convergence in L! does not even imply a.e. pointwise convergence,
and not even in finite measure spaces. To see this, suppose that Q =[0,1] and u is the
Lebesgue measure. For n =2%+m, m < 2%, let g, = Lot m+1]- Then gn(w) does not converge

for any w, but [|g,ldu = 27% and so f, — f in L.
We say that f,, converges to f in measure if for all € >0

limp({w : 1fa(@) = f(w)l > e) = 0.

As an example, g, as defined above converges in measure to 0, as does f, = nl,-1), but
fn = L(n,n+1) does not. Hence convergence in measure does not imply pointwise convergence,
or convergence in L1, and is not implied by pointwise convergence.

Claim 2.14. If f,, — f in L' then f, — f in measure.
Proof. Let A, ={w : |fn(w)— f(w)| > €}. Then

O:Iimflfn—flduzlirrlnf Ifn—fld,uzlirrlnsu(An)ZO.
n A,
O

Proposition 2.15. If f,, — f in measure, then there exists a sequence (np) such that f,, — f
almost everywhere.

Proof. For each k choose np large enough so that u(A;) < 27% where A}, = {wlfn, (@) - f(w)] >
27k}, Let g3, = fn,, and let

By = U2, 1A ={0 : 184(@) - f(@)|>27* for some k> m}.
Then u(B,,) <27 and
B, ={w : lg(w) - f@)|<27* for all & > m}.

Hence on Bj, it holds that g — f uniformly, and in particular pointwise.
Note that (B,,), is a decreasing sequence and hence (By,),, is an increasing sequence.
Furthermore, B = U, B¢, is co-null, and on B it holds that g — f pointwise. O
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2.5 Measures on R? (by Jonah Yoshida and Wei Hou)

Recall the way to construct an outer measure from a premeasure, and the way to construct
a measure using the Carathéodory extension theorem. We will construct a measure on the
product o-algebra X1 QX9 from two o-algebras X1 and Zo. If we accomplish this, we can
boostrap this step to get measures on R". Let {X,},ca be a collection of nonempty sets
indexed by A. 1, : X — X, the coordinate maps. If X, is a o-algebra on X, for each a, the
product o-algebra on X is the o-algebra generated by:

(n Y (Ey):Eq€Zq,a€ A (2.1)
and denoted by Q eca Za

Proposition 2.16. If A is countable, then @ gca 2o is the o-algebra generated by {IlycaE , :
E,eZ,}

Now, in particular, if we are only considering the product o-algebra generated by 2 o-
algebras, i.e. Z1 ® X9, Prop. 2.16 still holds.

To define the product measure, we first construct a premeasure. Suppose C is a finite
union of some disjoint sets A; x B; where A; € 29 and B; € 5. Then we define:

n(C) = ZH(Ai)V(Bi) (2.2)

this can be defined for all sets in the algebra generated by {A; xB;};. Thus, 7 is a premeasure
on this algebra. This premeasure can be used to define an outermeasure (Eq. 1.1). Using
Theorem 1.8, we can define a measure on the product o-algebra.

We now characterize integration under the product measure. Before doing this, we es-
tablish some notations and technical results that will help us construct the integrals under
the product measure. Returning to the two measure spaces (X,Z1,u) and (Y,Z2,v). Define
the x-section E, and y-section E?Y of E by:

E.,={yeY:(x,y)eE}, E’={xeX:(x,y)eE} (2.3)
and also if f is a function on X x Y, we define the x-section f, and y-section f” of f by
fx,y)=fY(x)= fu(y) (2.4)
To integrate the functions slice by slice, we need the following Proposition:
Proposition 2.17. We have the following:
1. IfE€Z1Q2Zs, then E,€29VxeX and EY e Z{VyeY

2. If f is £1 @ X9-measurable, then f, is Zo-measurable Vx € X and [” is Z1-measurable
VyeY
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Next, we define a monotone class on a space X to be a subset of 2% that is closed under
countable increasing unions and countable decreasing intersections. i.e.

EiecéandE1CE2C...:>UEj€C€
Eie%andElaEQD...zﬂEje%

Clearly, a o-algebra is a monotone class, here we show that the monotone class generated
by an algebra is the same as the o-algebra generated by the same algebra.

Lemma 2.18 (The Monotone Class Lemma). If </ is an algebra of subsets of X, then the
monotone class € generated by <f coincides with the o-algebra X generated by <f

Proof. Clearly, Z is a monotone class (stable under countable union). Since % is the minimal
monotone class containing </, € < Z. Then, as long as we show that € is a o-algebra, we
can conclude that € = ZX.

Since o/ €€, ¢ € € and Q € €. Then define the following:

€E)={Fe€¢:E\F,F\E, and EnF are in ¢} (2.5)

One can check that € (F) is a monotone class if £ € €. Also, if E € &, then of < €(E). Thus,
€ < 6(E). Therefore, € c €(E)VE € «.

In addition, it is easy to check E € €(F) iff F € €(E). Thus, VE € &« and VF € €, we
have E € €(F). This implied that VF € €, o/ € €(F). But €(E)c ¥ VE € €, we have € =
C(E)VE € 6. Thus, if E,F € ¢, then E\F € ¥ and ENF € €. Also, since «f € 6, we have
P, Q2 € €. We only need to check that € is closed under countable unions.

Let E1, Eo, ... be a sequence of countable sets. Since ¥ is closed under finite unions,
define K, =U! ;E;. We have K; c Kg — ... € €. Since € is a monotone class, we have

21 Ei=U2, K; € €. This shows closure under countable unions. O

Now, with the Monotone Class Lemma, we are endowed with a tool to prove a theorem
about how the product measure splits on the product o-algebra. First, we create a collection
of sets € in the product o-algebra that satisfy the desired conclusions, then we prove that
% is indeed a monotone class so that the Monotone Class Lemma guarantees € is in fact
the entire product o-algebra.

Theorem 2.19. Suppose (X,Z1,u) and (Y ,Za,v) are o-finite measure spaces. If E € 21 ® X,
then the functions x — v(E,) and y — W(E?>) are measurable on X and Y, respectively, and
[ x VIE) = [V(E )du(x) = [ wEY)dv(y).

Proof. Let € < X ® Zy such that VE € €, the theorem holds. We wish to show 4 = X ® Z,.
Assume p and v are finite on X and Y. Note that E = A xB € 6, as v(E,) = 14(x)v(B) and
w(EY) =1g(y)u(A), so that

f W(E ) dpu(x) = f 1aGOV(B)duu(x) = u(AWV(B) = f 1p(n)u(A)dv(y) = f W(EY)dv(y).
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Furthermore, by the additivity of both measures, all finite disjoint unions of rectangles lie
in ¥ and the rectangles form an algebra «f as a subset of X xY and ¥. If we can now prove
that € is a monotone class, the Monotone Class Lemma will yield the desired result. Let
{E,} be an increasing sequence in ¥. We wish to show that £ = U,E,, € ¥. Observe first that
because (E,)” € X9, fn(y) = u((E,)?) is measurable Vn and f, — f(y) = w(EY). Now f, € L*
with f, 11 = f» and f(y) < oo so that the Monotone Convergence Theorem applies:

e WE) =limju x V(E,) = lim f Faly)dvly) = f F(y)av(y) = f WE)dv(y),

and the same holds for the ux v(E) = [v(E,)du(x) property. Therefore, E € €. Now, if
E =n,E, for a decreasing sequence {E,}, we have that g(y) := y — u((E1)”) satisfies g €
L1, |fs] < g. Therefore, Dominated Convergence implies the same sufficient condition for
E €6: lim, [ fo(y)dv(y) = [ f(y)dv(y).

Now, if u and v are o-finite but not necessarily both finite, X xY = U;{X; x Y;} with
{X; xY;} increasing and each {X; x Y} of finite measure. Now, VE € Z® X9, EN(X; xY)) is
finite Vj so that the above argument applies and we have

pxv(EN(X; xY;)= f Ly, (OV(E, N Y;) dpx) = f Ly,(NE’ N X;)dv(y).

Applying the Monotone Convergence Theorem one last time, we have

X VE N X ) = limp x v(E N (X % V)
= li}nf ]lXj(x)V(Ex NY;)du(x)
= [1xmENY)duw)
= fV(Ex NX xY))dy,

and the same equality for u(EY n(X xY)). O

We now know how the product measure can be computed: taking EY or E, slices and
integrating the measure of these slices over points x or y in the other space. The theorem
above thus gives us necessary tools to prove the infamous Fubini-Tonelli Theorem.

Theorem 2.20 (Fubini-Tonelli). Suppose (X, X, w) and (Y, Zo, v) are o-finite measure spaces.

1. (Tonelli) If f € L*(X xY), then the functions g(x) = [f.dv and h(y) = [fYdu are in
L*(X)and L*(Y), respectively, and [ fd(uxv)= [1[ f(x,y)dv(y]ldux) = [T f(x,y)du(y)1dv(x).

2. (Fubini) If f e LY(u x v), then fy € L'(v) for a.e. x€ X,fY e LY(u) for a.e. y€Y, the a.e.-
defined functions g(x) = [ f.dv and h(y) = [ f¥du are in L*(u) and LY(v), respectively,
and Tonelli holds.
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Proof. Observe that Tonelli’s theorem follows immediately from Theorem 2.19 when f is an
indicator function. By the linearity of the integrals in Theorem 2.19, the first part holds
for non-negative simple functions. Let f € L*(X xY). Then, 3s, — f with s, < f,, simple.
Furthermore, 3g,, and A, that satisfy the desired integrals. By the Monotone Convergence
Theorem, lim, g, =lim, [(s,),dv = [ fydv =g and lim, &, =lim, [(s,)Ydu= [RYdu=h =
g,h measurable. Furthermore, [gdy =1lim [g,du = lim ['s,d(u x v), by Tonelli’s on g,,
= [fd(uxv)and [hdu=1im [h,du =1im [s,d(u x v), by Tonelli’s on h,, = [ fd(u xv), as
desired.

Now, if f € LY (uxv), f € L*(X xY) so that we may apply Tonelli’s theorem. As a result,
fgdu= [fd(uxv)<ocoby fe L uxv) = geL%u)and [hdu= [fd(uxv)<ocoby f €
LYuxv) = heLl(y). Lastly, expanding g and & by their definitions in Tonelli yields
f¥eLYu) fora.e. yeY and fy € L1(v) for a.e. x€ X. O
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3 Differentiation

3.1 Signed measures

Let (Q,Z, 1) be a measure space, and fix f € L. Then it can be shown that

v(A):f fdu
A

is also a measure on (,%). If u is the Lebesgue measure on R then we can think of f as
capturing the density of mass along R, and so v measures the total mass of a subset of R.

We can do something similar for f that is not necessarily non-negative, and likewise
define

n(A) = f £ dp.
A

This will not be well defined for C = A UB if A and B are disjoint, 7(A) = co and n(B) = —co.
So we would need some additional assumption about f, namely that it is integrable. Note
that we can write 17 = 1 — u2, where 1, o are measures given by

H1(A) = f £*ap
s(A) = f T

Note that the two measures y; and pg “live in different places”. We now do this more
formally.

Let (Q2,X) be a measurable space, and let 1, us be o-finite measures on it. We say that
U1,z are mutually singular if there exists a P,N € X such that P is co-null for u; and
N = P¢€ is co-null for pg. Informally, this means that pu; and g exist on disjoint sets.

In this lecture we will think of P as having positive measure, and N = P¢ as having
negative measure. The total measure of some A € Z will be the measure of its intersection
with P minus the measure of its intersection with N. To avoid taking differences of infinities,
we will need to assume that at least one of 1, ug is a finite measure.

Accordingly, we will say that n: £ — [-c0,00] is a signed measure if 1 = y; — ug, for
mutually singular pi,us, where at least one of uj,us is finite, and both are o-finite. Note
that n cannot attain both +oco and —oco. To simplify the exposition we will assume in this
lecture that 1 never attains +oco. Equivalently, we assume that pu; is a finite measure. Note
that for P witnessing the mutual singularity of u; and ug it holds that

N(A) = (A N P) - pg(A N PO).

Proposition 3.1. Suppose that n = u1 — ug = vi — ve for some mutually singular ui,us and
likewise mutually singular vi,vo. Then uy = vy and pg = ve.
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To prove this xproposition we will need the notion of a positive set. We say that A € X is
positive if n(B)=0forall B A. If AynAg =@ andu;(P°) = pue(P) =0, then P is a positive
set. Analogously, a set A is negative if n(B) <0 for all BC A.

Claim 3.2. The collection of positive sets is closed under countable unions.

This follows from the continuity of measures.
Note that if P < Q) is a positive set then ui(A) =n(P N A) is a measure.

Proof of Proposition 3.1. Since ui, g are mutually singular there exists a P € Z, such that
u1(P€) = ug(P) = 0. Likewise, there is a @ such that v1(Q¢) = vo(Q) = 0. Hence

n(A) = p1(ANP) - ua(ANP)=vi(ANQ) —va(ANQ®).

Hence P U@ is a positive set and P°UQ°€ is a negative set. Since a set that is both
negative and positive is null (i.e., 7 assigns zero to all of its subsets), it follows that P’ = PN@Q
is positive, N' = P N Q¢ is negative, and the remainder Q \ (P’ UN’) is null. Hence

n(A)=n(An(P'uN").
Hence, for any A € %,
p1(A)=n(AnP)=n(AnP)=n(AnQ)=v1(A).

A similar calculation shows that p2(A) = va(A). O

Given 1 = uj — pug (written as the difference of mutually singular measures), we denote
by Inl = u1 + ug the total variation of 77, which is a measure. By Proposition 3.1 this is well
defined. We say that v is finite if its total variation is finite.

The next theorem gives an intrinsic characterization of signed measures.

Theorem 3.3 (Jordan Decomposition Theorem). For a map n: £ — [-00,+00) the following
are equivalent.

1. nis a signed measure.
2. n has the following properties:

(@) n(@)=0.
(b) If A1,Aq,...€ X are disjoint with A = U, A, then n(A)=>,n(A,).
Note that (2b) implies that the sum in (2a) converges absolutely if n(A) < oco.
A consequence of this result is that if y; is finite and pg is o-finite, then n=pu; —pug is a

signed measure even if u1, s are not mutually singular. To see this, verify that n satisfies

(2).
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Proof of Theorem 3.3. That (1) implies (2a) and (2b) follows from the definition of measures
and signed measures.

Suppose 7 satisfies (2a) and (2b). We claim that if A1,Asq... € X is an increasing sequence
and A = U, A, then n(A) =1lim, n(A,). The same holds if A1,Aq... € Z is a decreasing se-
quence and A =N, A,. The proof is the same as for measures. Note that this implies that n
is bounded from above.

Denote by 22 c X the collection of positive sets, and let m = supyc51(A). Let @1,Q2,...€
2 be a sequence such that lim, n(@,) = m, let P, = Uzlek, and let P = u,P,,. Then by
Claim 3.2 P is also a positive set, and since P1,Ps,... is an increasing sequence, (P) =m <

0.
Denote N = P¢. Then by (2b) we have that for any A €

n(A)=n(AnP)+n(AnN).
Since P is positive, we can define u;: X — [0,00] by
pi(A)=n(AnP),

and u; is a measure, by (2ab).

Let N = P¢. We will show that N is negative. Note that N cannot have any positive
subsets with positive measure, since if @ < N is positive and n(Q) > 0, then @ U P is positive
and n(Q UP) > m. It follows that if n(A) > 0 for some A < N then, because A cannot be
positive, n(C) < 0 for some C c A, and so if we set B = A\ C then we have found a B c A such
that n(B) > n(A).

Towards a contradiction, suppose that N is not negative, so that n(A) > 0 for some A < N.
Let A1 = A. Given A,, let €, = supgs, N(B) —n(A,) € (0,00), and choose A1 to be some
subset of A, such that n(A,+1) > 7(A,)+ 3¢,. Let A’ =n,A,. Then n(A") = 35, &, +n(A).
Since 7(A’) < co, we have that lim, &, =0. Find B < A’ and ¢ > 0 such that n(B) =n(A’) +¢.
Then B € A, for all n, and for some (indeed, all) n large enough € > ¢,, in contradiction to
the definition of £,,. We have thus shown that N is a negative set.

Since P is positive and P¢ = N is negative we can define two measures

p1(A)=n(AnP)
p2(A) = -n(AnN).

These are mutually singular, and by the additivity of 1 we have that n = u; — ue.
O

3.2 Lebesgue-Radon-Nikodym (by MohammedSaid Alhalimi & Eric
Paul)

We prove the Lebesgue-Radon-Nikodym Theorem. Before stating and proving the theorem,
we review the definitions from last lecture.
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Two signed measures v and p on ((2,%) are mutually singular if there exists A € X such
that A is null for y and A€ is null for v. Furthermore, we know that we can write any signed
measure v on ((,X), as v* —v~ where v" and v~ are unique positive measures. We then
define the total variation of v to be v* + v~ and we denote this measure as |v|.

As was explained in the previous lecture, given a signed measure v and positive measure
1 on (,%), we say that v is absolutely continuous with respect to p if forany E € X, u(E)=0
implies that v(E) = 0. We denote this as v < p.

Since this definition is crucial to the Lebesgue-Radon-Nikodym Theorem, we first moti-
vate the name and then provide examples. The name "absoutely continuous" is actually a
reasonable choice as seen by the following theorem.

Theorem 3.4. Let v be a finite signed measure and p a positive measure on (Q2,%). Then
v < uif and only if for all € > 0 there exists 6 > 0 such that if W(E) <6, then |v(E)| <e.

Proof. We begin by showing that it is sufficient to prove this for v a positive measure. The
overall claim is that we can just prove this for |v| as v < p if and only if |v| < p and |[v(A)| <
[v|(A). Prove this using the fact that v=v* —v~ where v* Lv".

So for the following we assume that v =|v|.

(<) Let A € Z such that u(E) =0. Then for all € > 0, we have a § > 0 and since u(A) <9,
v(A) <e. Thus, v(A)=0.

(=) We prove the contrapositive. So we assume that there exists ¢ > 0 such that for all
6 > 0, there exists A € X such that u(A) < but v(A) =¢e. Thus, for all n € N, there exists
A, € X such that u(A,) <2™ and v(A) = €. Then we let By, = U‘i’ZkAi and B = ﬂZ"lek. By
continuity from above,

u(B) = lim (i(By) < lim Y 2= lim 2% = 0.
—00 —’OOn

=k k—oo

However, v(Bp) =€ for all £ and v is finite so v(B) = limj_.., v(B:) = €. So it is not the case
that v < p. O

We now look at an example of absolute continuity. Like in the previous lecture, let u be
any measure on (Q,%) and f be an extended p-integrable function (measurable and [ f*du
or [ f~du is finite). Then we define a new measure v as

v(A) :f fdu
A

Density example: Let [ measure the length and m measure the mass. Then if f is the
mass density, m(A) = [, fdl. We often notate mass density as %—’l". We can likewise define a

derivative of a measure v with respect to p, g—;, as being equal to the function f such that

v(A) = [, fdp. This is called the Radon-Nikodym derivative of v with respect to u.
We see thus that defining v(A) = [, fdu means that v < p and that we get to talk about
a derivative. Now, one might wonder whether the other direction holds: if v «< y, can we find
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an f such that v(A) = [, fdu? This is exactly what (half of) the Lebesgue-Radon-Nikodym
Theorem answers! It says that if v and u are o-finite, then such an f does exist.

The other half of the Lebesgue-Radon-Nikodym Theorem tells us that if v is not abso-
lutely continuous with respect to u, then we can decompose the v into two mutually singular
measures such that one of then is absolutely continuous with respect to p.

Before we introduce the main result of this section, we prove some technical lemmas.
Assume ((2,Y) is a measurable space.

Lemma 3.5. Assume u: X — [0,00] is a positive measure and v: X — [—00,00] is a signed
measure. Suppose that v<< pand v L yu. Then v =0.

Proof. Since v L u, there exists some A such that A is v-null and A€ is y-null. Fix any @ € Z.
Since NACA sov(QNA)=0. Since @ NA° S A€ so u(@ N A°) =0 which implies (as v < )
that v(Q N A€) = 0. Thus, we have v(Q N A)+v(Q N A°) =v(Q) =0, as claimed. O

Lemma 3.6. Fix some measure yi: X — [—00,00]. Suppose that A;: X — [—00,00] is a sequence
of measures such that A; L u. Then Y ; A; L u. Furthermore, if A; < u for all i then ) ; 1; < L.

Proof. By assumption, we can furnish a sequence of sets {A;}; such that A; is 1;-null and
Af is u-null. Clearly, N; A; is > ; A;-null and (N; 4,)¢ = UiAf is py-null. Thus, Y} ; A1; L u. For
the second part, if A € X then clearly 1;(A) =0 for all i then )} ; 1;(A)=0,1e. }; A, <pu. O

Lemma 3.7. Fix two positive, finite measures u,v: Z — [0,00]. Then one of the following
holds:

1. pulv
2. There exists € >0 and A € X such that u(A)>0and v—eu=0on A.

Proof. For each n € N, we can use Hahn decomposition to furnish a pair of sets (P,,N,,) with
P,uN, =X and P,nN,, = ¢ such that P,, and N,, are positive and negative (respectively)
for v — %,u. Put P =uU,P, and N = n,N,. We claim that v(N) = 0. This is easy to see as N
is negative for v—1/n-u so 0 < v(N) < 1/n - u(N) for all n implies v(IN) = 0. If u(P) =0 then
(1) holds. Otherwise, there exists ng such that u(P,,) > 0. But then v— % ©=0 on P, by
construction. Hence, (2) holds with A =P,, and € = 1/n. O

Now, we have the tools to prove theorem of this section.

Theorem 3.8. Suppose that p: X — [0,00] is positive, sigma-finite measure and v: X —
[—o0,00] is signed, sigma-finite measure. Then there exists unique signed measures p,A: X —
[—00,00] such that the following holds:

1 p<kpu
2. AL

3. v=A+p
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4. There exists a p-integrable f : X — R such that p(A) = [, fdu for any A €X.

Proof. First, we assume that v, u are finite and positive. Let
F':{f: Q—»R:f fdu<v(A)forallA€Z}.
A

Observe that F is nonempty because it contains the zero function 0 € F'. Further, F is closed
under max. To see why, fix any fi,fs € F and set A = {w : fi(w) = fo(w)}. Then for any B€ X,
we have

fmax{fl,fz}du:f fld,u+f fodpu<v(BNA)+v(BNA®)=v(B)
B BNnA BNA¢

so max{fi, fo} € F.

Let @ = sup{/fdu: f € F}. By assumption, 0 < @ < co. Let {f,},>1 be a sequence of
functions f, € F such that [f,du — a. Let g, =max{fi,...,f,}. Then g, € F and [ g,du— a.
Let f = sup,, f». Observe that g, — f pointwise. Since [g,du < oo and g,+1 = gn, by the
Montone Convergence Theorem, we get that

a:lirrlnfgndu:flirrlngndu:ffdu.

Furthermore, for any A € X, we have [, g, du < v(A). The inequality also holds for the limit
fa fdu<v(A) and hence f € F.

We claim that £, p = [ fdu and A = v — p satisfy the theorem. It is clear that p+ A =v. If
A € X then p(A) =0 implies [, fdu=0so p < p. To see why A L u holds, assume otherwise.
By Lemma 3.7, there exists some ¢ >0 and A € £ with u(A) >0 such that A—eu =0 on A.
Define f' = f +€l4. It follows that f’ € F because for any @ € X, we have

[ rau=[ faps|  flan

Q QnA QnE*¢
sf fdu+ew(@nNA)+v(QNAC)
QRNA

< fdu+
QRNA

=v(Q).

But clearly [f'du = a +eu(A) > 0 which contradicts the maximality of a. Hence, we
conclude that A 1 u. This shows existence. To show uniqueness, suppose that A’ = v —
Jf'ddu. Then A—A' = [(f —f)du. Since A L pand A’ L y then A— A" L u by Lemma 3.6.
Similarly, [(f —f)du<u. AsA—A Luand A— A’ < uthen A = 1A' by Lemma 3.5 and f = '
p-almost everywhere.

Now, suppose v is o-finite. We can furnish a disjoint sequence {A ;} in X such that p(A ;) <oo
and v(A ) <oo with Q = A ;. Applying the previous case to u;(E) = w/(ENAj) and v;(E) =
v(ENAj), we find sequences {A;} and {f;} satisfying the conditions. Letting A =3} ;1; and
f =2X;f; gives the result. Similarly, if v is signed, we can split into v* and v~ and apply
the previous cases to both measures to produce A, —A_ and f, — f_. This concludes the
theorem. O

+v(QNA°)

v(AﬂQ)—f fdu
AN
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3.3 Differentiation on R?

In this lecture we will consider (Q2,X) = (Rd,gBRd) and 1 the Lebesgue measure. We will
prove a version of the Fundamental Theorem of Calculus, showing that Radon-Nikodym
derivatives (of measures that are absolutely continuous with respect to 1) indeed correspond
to the usual notion of differentiation. We will omit A in integrals, so that [ f dA(x) will be
written as [ f dx.

We have not proved this, but the measure of the open ball

B,(x) = {yeIRd y—x|<r}

is A(B,(x)) = C4r® for some constant C > 0.
Let LlloC denote the locally integrable functions: measurable f: R? — R such that

f |[f(x)]dx < oo
K

for all bounded sets K.

Theorem 3.9. For any f € Llloc it holds for almost every x € R? that

i 1 f
m-—-———-r
r—0 A(B(x)) JB,(x)

A corollary of our main theorem will be the following. Given a function F': R — R, say
that F is differentiable at xo € R if

fdx = f(x).

. Fx+r)-F(x—-r)
lim
r—0 2r

exists, in which case we say that F'(x() is equal to this limit.

Corollary 3.10. For any f € L1 it holds for almost every xo € R? that F(a) = f(_ooﬂ] f(x)dx is
differentiable at xo with F'(xq) = f(xp).

Given f € LllOc and r > 0, denote by Af : R? — R the function

1

Af =——
P50 = T o) e

fdx= Cdr—df fdx

Br(xO)

Geometrically, A': (x) is the average of f on the ball of radius r around x. Note that A,f e
A': + A%, by the additivity of the integral. Theorem 3.9 states that lim,_.q A,f (x)=f(x) a.e.

Claim 3.11. For any f € L' and € > 0 there exists a continuous g € L' such that [|f-gldx <e.

The idea of the proof is to approximate f by a simple function (which we know we can do
by the definition of integration). Then approximate this function by a simple function whose
preimages are each a finite union of open balls, and then approximate this simple function
by a continuous function.
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Proof of Theorem 3.9. We first note that for continuous f, lim,_g A,f (x) = f(x) for all x € RY.
This is because for every xo € R? and 6 > 0 it holds for all » small enough that |£(x)—f(x0)| < &
for x € B,(xo), and so |AL (x) - f(x)| < 6.

We prove for f € L!; the extension to LlloC is simple. Fix € > 0. By Claim 3.11 there is a

continuous g € L! such that J1f —gldx <¢. Since g is continuous lim,_ Af(x) = g(x) for all
x € R?. Hence

limsup|AL (x) - f(x)| = limsup |AL 8 (x) + A8 (x) — g(x) — (f — g)(x)|

r—0 r—0

<limsup|AL 8 (x)| + 1A% (x) - g(x)| + I(f - g)(x)|

r—0

=limsup|A®(x)| +|A(x)|

r—0

Where h = f — g. We would like to show that the set on which this takes large values has
measure 0. For a >0, let

A, = {x : limsup IAf(x)—f(x)I >a}.
r—0

To complete the proof, it suffices to show that A(A,) = 0, since limr_,oA’: (x) = f(x) on the
complement of U, A1y,.
By the above,

A2a gBa UCa,

where

C,= {x : limsuplA’r’(x)I > a}

r—0

By ={x: |h(x)| > a}
The set B, is small, because
€ >f|h(x)|dx 2[ |A(x)|dx > aA(B,),
B,
so M(B,) < €/a.
To control C,, we note that

limsup IAff(x)I < supA'rhl(x)

r—0 r>0

and accordingly define the Hardy-Littlewood maximal function H" by
H"(x) = supA'rhl(x).

r>0

Let
D, ={x : H"(x) > a},

so that C, € D,. By Theorem 3.12 below, A(D,) < 3%¢/a, and hence A(A,) < (3% + 1)¢/a. Since
this holds for all € > 0 we are done. O
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3.4 The Maximal Theorem and a.e. differentiability of increasing
functions

In the previous lecture we used the following theorem, called the Maximal Theorem:

Theorem 3.12. Suppose that f € LY. For a>0let D, = {x : H (x) > a}. Then

3d
AMD) < 7f|f|olx.

Note: It actually takes some work to show that D, is measurable, but we will skip this.
To prove this we will need the following lemma.

Lemma 3.13. Let R be a collection of open balls in R%, and let U be their union. Suppose
that A(U) < oo. Then for every € > 0 there exist disjoint B1,...,B € R such that Zﬁ:l AMB;) =
(1-e)3~¢AU).

Proof. By Claim 1.12 (or, more precisely, by its analogue for R?) there is a compact K < U
such that A(K) > (1—¢)A(U). Since K is compact and R is an open cover of K there is a finite
R'cR such that K€V = Uyp'A cU. In particular A(V) = (1 -e)AMU).

Let B1 be the largest ball in R’. Remove from R’ all balls that intersect B1, and let Bs be
the largest remaining ball. Continue until there are no balls left. Let R"” = {B,,(x1),...,B,,(xz)} S
R'.

Now, for each A € R’ that is not in R” there is some largest B,(x) € R” such that An
B,.(x) # @, and B,(x) is larger than A. Hence A is contained in B3, (x). Hence A is contained
in W =u,Bs-(x,), and so V is contained in W. Thus

> ABr, (x,)) =Y 37 ABsy, (1)) 2 37 IAW) 2 37 AUV) > (1 - £)37A).

O

Proof of Theorem 3.12. Fix some M >0 and let D), = D, N Bp(0). For each x € D/, choose an
r, such that Alr’j(x) >a, and let R = {B; (x) : x € D/}. By Lemma 3.13 above for every ¢ >0
there is a finite E, < D}, such that B,_(x) and B, (y) are disjoint for all x # y € E, and such
that (1-¢)3~ D) < MU), where U = Uyeg, B, (x). Note that by definition the average of f
on U is more than a:

1
melfldx>a

Hence

A(U)<lf Ifldxslflfldx.
alu a

Since A(D},) < £~ A(U) we have that

3d
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Since this holds for every € > 0, and since D], = D, N By;(0) we have shown that

3d
AD " By(0) <= f fldx.

Since this holds for every M we are done. O

Theorem 3.14. Let F: R — R be increasing. Then F is continuous except on a countable set,
and F is differentiable almost everywhere.

Proof. First, we can assume without loss of generality that F' is constant outside of some
interval [—n,n], since if we prove it for every

F(-n) forx<-n
F,(x)=< F(x) for x € [-n,n]
F(n) forx=n

then the claim follows. We can also assume that lim,_._o, F'(x) = 0, by adding a constant to
F.
For the first part, note that since F' is increasing, the intervals of the form

I, =|lim F(x), lim F(x)

x,/X0 2 \Xo

are disjoint, and so

MUxI) =) A y) <F(n)-F(-n) < oco.

Hence A(1,) is positive for at most countably many x € (—n,n). Since A(I,) > 0 iff F' is discon-
tinuous at x, we have shown the first part.

Let G(xg) = lim,\ 4, F(x), so that G is increasing and right continuous. Hence we can, as
in §1.5, define the measure ug by

w(a,bl) = G(b) - G(a).

By our assumption on F we have u((—oo, b]) = G(b).
Using Theorem 1.5, write pg = u1 + 2, where yy = [fdA for some f € L* and g is
mutually singular with A. Since pg is finite so are y; and g, and in particular f € L1(1).
Let G1(b) = p1((—00,b]) and Ga2(b) = pa((—00,b]), so that G = G1 + Ga. By Theorem 3.9 we
know that G’l(x) = f(x) for A-a.e. x. To complete the proof, we show that G’z(x) =0 for a.e. x.
Since u1, 2 are mutually singular there is a set B € 4 that is co-null for y; and null for
te. Let

-r,x+ 1
A, =Bn {x : limsup pelx = r,x+ 1)) > —}.
r—0 2r n
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By Claim 1.12, for every € > 0 find an open U 2 A such that us(U) < €. For every x € A,, there
is some r, > 0 such that (x —ry,x +r,) U and that us((x —ry,x +ry)) > 2r /n. Let

R=A{(x—-ry,x+ry):x€A,}

be the collection of these open intervals, denote their union by V, and note that A, <V cU.
Hence, by Lemma 3.13, if A(A,,) > ¢ then there exists a finite sub-collection R’ = {(x1—r1,x1+
ri),...,(xx —rp,xp +rp)} € R of disjoint intervals such that

k
c<3 Z 2rm <3nAMV)<3ne.
m=1

Hence AM(A,,) < %8, and since this holds for every € > 0 we are done. O

3.5 Bounded variation (by Tal Hershko and Elizabeth Xiao)

In previous lectures, we have seen the following correspondence between Borel measures on
R and monotone functions F : R — R.

Theorem 3.15. Let .4 be the set of Borel measures pu: B(R) — [0,00] which are finite on
bounded sets. Let & be the set of (weakly) increasing functions F : R — R with F(0) =0 which
are right-continuous. Then there is a one-to-one correspondence between 4 and F defined
as follows:

1. For every p€ ., we define F,:R— R as
p(©,x) x>0

Fu(x)=40 x=0.
—p((x,0]) x<0

2. Forevery F € &, we define ur as the unique Borel measure satisfying ur ((a,b]) =F(b)—
F(a) for every a < b.
Example 3.16. Let u be the measure defined by p({3}) = 1 and u(R\{3}) =0. Then it corre-
sponds to the function
0 3
F=4. *°°.
1 x=3

Remark 3.17. The requirement F(0) = 0 serves for “normalization” purposes. That is, it
is simply a standard way to choose one function representing u, among all other functions
which differ by a constant.

This correspondence naturally translates concepts from the world of measures to the
world of functions, and vice versa. For example:
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1. pis finite < F is bounded.

2. F is continuous <= p is continuous.’

3. F'l(x)= %(x) for almost every x € R, where A is the Borel-Lebesgue measure and % is
the Radon-Nikodym derivative.

We would like to extend this correspondence to signed measures; more specifically, let us
focus on finite signed measures. Which functions correspond to them? This question leads
us to the notion of total variation of a function.

Let F :R — R be any function. We define the total variation of F' on an interval I as

Tyl =sup (Z |F(x;) —F(xi—l)l)
i=1

where the supremum is taken over all xg <x1 <--- <x, with x¢,x1,...,x, € I.
If TrI < 0o, we say that F' is of bounded variation on I and denote F € BV(I). We also
write BV = BV(R) for short.

Example 3.18. * Every bounded monotone function is of bounded variation.
* sin(x) is of bounded variation on any finite interval, but not on R.

e The function

. (1
F(x):{xsm(x) x#0
0 x=0

is not of bounded variation on [0, 1], although it is continuous.

Let F : R — R be any function. We define its total variation function 77 : R — [0,00] as

Lemma 3.19. Let F :R — R. Then the functions Tr + F and Ty — F are increasing.
Proof. Take x <y. Then
Tr(x)+|F(y)-F(x)| < Tp(x) + Trlx,yl = Tr(y).

Therefore

A

Tr(x)+F(y)-F(x) < Tr(y),
Tr(x)-F(y)+F(x) Tr(y).

IA

Rearranging, we get

Tr(x)—F(x)
Tr(x)+F(x)

IA

Tr(y)-F(y),
Tr(y)+F(y).

IA

1A Borel measure u:B(R) — [0,00] is said to be continuous if u({x}) =0 for all x e R.
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Corollary 3.20. F € BV < it is the difference of two bounded increasing functions on R.

Proof. = : If F € BV then F and Tr are both bounded, and then F = %(TF +F)— % (Tp - F).
<= A bounded increasing function is in BV, and the difference of two functions in BV
is in BV. O

Remark 3.21. In particular, if F € BV then the limit lim,_, o, F(x) exists. We denote it F(—o00)
for short.

One more preparation before we present the generalized correspondence. Instead of
using the condition F'(0) = 0 for normalization, it will now be more convenient to use the
condition F(—oo0) = 0. We also need to take right continuity into account. We therefore
define

NBV ={F € BV : F(—o0) = 0 and F is right continuous}.

Corollary 3.20 can now be easily extended as follows.
Proposition 3.22. F e NBV < it is the difference of two increasing functions in NBV.

Proof. This follows from the fact that if F' is right continuous then T'r is right continuous.
This is not hard to prove, but we skip it here. O

Theorem 3.23. There is a one-to-one correspondence between the set A of finite signed Borel
measures [ : B(R) — R and the set NBV of (normalized) functions of bounded variation,
defined as follows:

1. For every pe N, we define F,:R— R as F,(x) = u((—o0,x]).

2. Forevery F € NBV, we define ur as the unique signed Borel measure satisfying ur ((a,bl) =
F(b)-F(a) for every a < b.

Proof. First let ue A. Use the Jordan decomposition to write u = u; — u— where py,u_ are
two finite Borel measures. Let
F.(x) = ps ((—o00,x]).

These are the corresponding functions from Theorem 3.15 (except the normalization is dif-
ferent). Then F'» € NBV. Therefore F;, =F, - F_ € NBV.

Now let F € NBV. From Proposition 3.22, we can write F = F, — F_ where F. increasing
and in NBV. Let u,,u- be the corresponding functions from Theorem 3.15. Then they are
finite Borel measures. Then pyp =pu, —pu_ €N . d

Remark 3.24. This correspondence also naturally translates concepts from the world of mea-
sures to the world of functions. For example, if u corresponds to F, then |,u| corresponds to
Tr.

Recall the notion of absolutely continuity of measures, which had two equivalent formu-
lations. If ) is a signed measure and y a measure, then 7 is absolutely continuous with
respect to u, written n < y, if, for any A in the o-algebra,
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1. u(A)=0 = n(A)=0.
2. For every € > 0 there exists some § >0, such that u(A)<é = [n(A)l <e.

The term absolute continuity originates from real analysis; it is a stronger form of conti-
nuity than uniform continuity, which itself is stronger than continuity.

The second formulation, which was proved in Theorem 3.4 to be equivalent to the first,
justifies the use of the same term in reference to measures.

A function F : R — R is absolutely continuous if for every € > 0, there exists a 6 >0
such that for any finite collection of disjoint intervals (a1,b1),...,(an,bnN),

N N
5°6;-ap<6 — 3 IFG)-Flapi<e
j=1 J=1

In particular, F is absolutely continuous on [a, b] if this holds whenever all the intervals
(aj,b;) are in [a,b].

Remark 3.25. The left-hand sum is the measure of the union of the intervals under the
Lebesgue measure A. Moreover, if F(x) = up((—oo,x]) for the unique measure up, then the
right-hand sum is at most the total variation of ug.

There is a correspondence between signed measures and normalized BV functions. It
seems natural that there should be a relationship between F € NBV being absolutely contin-
uous as a function, and ur being absolutely continuous with respect to 1 as a measure.

The relationship is not immediate because the definition for functions involves only finite
disjoint intervals, whereas arbitrary Borel subsets could look very different. But it turns out
that for NBV functions, having this condition for intervals is enough to show that it holds
for any Borel subset.

Before making this connection explicit, let’s state some facts about absolutely continuous

functions.

e If F is absolutely continuous, then it is uniformly continuous: set N, the number of
terms in the sum, to 1.

e If F is uniformly continuous, it is not necessarily absolutely continuous. An example
is
(1
xsin(=] x#0
0 x=0

which is uniformly continuous on [0,1] (in fact, on any bounded interval), but not
absolutely continuous. Note that the same function is also not in BV([0, 1]).

e If F' is absolutely continuous on a bounded interval [a, b], then it is in BV([a,b]).

Theorem 3.26. Suppose F € NBV. Then F is absolutely continuous <= ur < A.
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Proof. * <=: Suppose ur < A. For any € > 0 there is a § > 0 such that A(A) < § implies
|url(A) <e. In particular, if A = Ui.v: 1(a;,b;]is a union of disjoint intervals, then

N N
MA) =Y (bj-a) <6 = e>|upl(A) = Y. IF(b)) - F(a,)l
j=1 j=1

so F' is absolutely continuous.

* —: Conversely, suppose F is absolutely continuous. Let ¢ > 0 and choose § > 0 to
satisfy absolute continuity for F with respect to €/2, i.e.,

N N e
Y. (bi—a;)<é = ) IF(b)—Flal< 5
i=1 i=1

Let A be a Lebesgue-measurable set satisfying A(A) < 6. By Claim 1.12, A is contained
in open Borel subsets of arbitrarily small measure. In particular, there is a decreasing
sequence of open sets U; > Ug o --- 2 A such that A(U7) < §, hence A(U) <6 for all k.
Furthermore, limy,_. o, up(Up) = ur(A).

For now, fix an index k. Since U}, is open, it can be expressed as a countable disjoint
union of intervals (a(ik ), b(ik )). For each N , we then have

i

N k k N k k
Y 6 -a) =2(J@P, b)) < AU <,
=1 i=1

so by absolute continuity of F',

N £

YIFGP)-F@®) <.

i=1 2
Because this holds for every N,

& £

; F(b{)~Flaf) <.

But F(6'*) - F(a'®) = ur (@, 5] by definition, so

i
Y IFGM) -F@®) =Y lur@®, b)) = \ > ur(@®, D) = lupU;)|
i=1 =1 =1

which follows from the triangle inequality and countable additivity of signed measures.
Hence |up(Up)| < €/2 for every k. But limy, .o, ur(Uy) = prp(A), so finally

&
lur(A)l < 2 <e.

We conclude that ur < A, by the second formulation of absolute continuity for mea-

sures.
U
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It is also natural to relate normalized BV functions with their derivative. This leads to
a generalization of the Fundamental Theorem of Calculus.

Proposition 3.27. If F e NBV, then F' € L. Furthermore,
e uplm < F'=0a.e.
* up<m < F(x)=[*_F'(t)dt.

Theorem 3.28 (The Fundamental Theorem of Calculus for Lebesgue Integrals). Given a
bounded interval [a,b] and a function F :[a,b] — R, the following are equivalent:

1. F is absolutely continuous on [a,b].
2. Fx)-F(a) = f‘ff(t)dt for some f € L1([a, b)).
3. F is differentiable a.e. on [a,b], F' € L([a,b]) and F(x)—F(a) = ffF’(t)dt.
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4 Topological vector spaces

4.1

We say that the real numbers act on a set X if there is a map Rx X — X, denoted (1,x) — Ax

Normed vector spaces

such that (Al -Ag)x = Al(ﬂgx).

An abelian group is a set A endowed with an associative and commutative binary
operation + having an element 0 € A such that i))a+0=a for alla € A, and (ii) eacha € A

has an inverse —a, i.e, a +(—a) = 0.

A real vector space V is an abelian group on which the reals act and such that A(v +

w)=Av+ Alw.
Examples:

Re.

If V,W are vector spaces then V x W is a vector space.
RS for some set S.

Functions f: N — R with finite support.

Measurable functions on (2, X).

Bounded measurable functions on (2, X, p).

LYQ, 2, p).

Finite signed measures on (R, %).

NBV.

C([0,1]), the continuous functions on [0, 1].

A norm ||| on a real vector space V is a function V — R5¢, v — [x|| such that

1. Homogeneity. A|v| =|Allv].

2. Triangle inequalty. |[u +w| < |ull + |w].

3. Positive definitiveness. |[v|| =0 only if v = 0.
Examples:

e R%:

= Ix1,.. 20l = 25 x4

= g, xn)llg = /X 22

= lICx1,...,%0)lloo = max; |x;|.
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e V, W are normed vector spaces:

= @, wll = llvll +llwl.

- 1w, w)l = VIvl® + |lwl?.

= v, w)ll = max{llvl, lwl}.

RS for some set S: There is a norm for any S, but in general we would need the axiom
of choice to construct it.

¢ Functions f: N — R with finite support: ||/ | = max, |f(n)|.
¢ Measurable functions on (Q,Y): Likewise no useful norm.
* Bounded measurable functions on (Q, X, u).

= Ifll=supyeq|f(@|=infla eR : |f|<al.
- IIfll=inflaeR: |f|<a a.el}.

o LYQ,Z,w: Ifl=f1f1dp.

* Finite signed measures on (R, %): ||17|| = |n|(R).
* NBV: |F| =Inrl|(R).

e C([0,1]), the continuous functions on [0, 1]:

- If oo = max, |f(x)I.
= Ifly=[If1dA.

Note that [ ll; < IIfllo, but it is possible that lim,, |/, l; =0 but ||/, = 1.

Given a norm ||-||, the map p: V xV — R3¢ given by p(v,w) = |lv —w| is a metricon V. It
is translation invariant:

plu+v,w+v)=plu,w).

The topology that this metric defines is the norm topology. It is generated by the open
balls B,(u) ={w €V : |w —v| < r}. Equivalently, this is the topology in which lim, v, =v if
lim, [lv, — vl = 0. Because p is translation invariant, this topology is translation invariant:
if U €V is open and v € V then U + v is open.

Claim 4.1. Let V be a normed vector space. Then the map RxV xV -V (A, u,w)— Au+w
is continuous.
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Proof. Suppose lim,(A,,u,,w,)=A,u,w),i.e.,
lirrlnlxln - :lirllnllun—ull :lirrlnllwn—wll =0.
Then by the triangle inequality
lirrln Nyun+w,—Au+w)| < liran N, —Aull +lir1Ln lw, —wll.

The last term vanishes. We write A,u, = Au, + (1, — A)u,, and so by another application of
the triangle inequality

=lim[Aup = Aull + 1(An = Dup |l =lim |4, = Alllu, | = 0.

O

A Cauchy sequence in a normed real vector space V is a sequence v1,vg,... € V such
that for every r > 0 there is an n such that the suffix {v,,v,+1,...} is contained in B,(v,). If
every Cauchy sequence in V converges (i.e., V is a complete normed space) then we say that
V is a Banach space.

We say that a series v1,v9,... is absolutely convergent if ), ||x, || < co.

Claim 4.2. Let V be a normed real vector space. The following are equivalent:
1. If ui,uo9,...is absolutely convergent then w,, = Zgzl uj, converges.
2. V is a Banach space.

A map T: V — W between vector spaces is linear if T(Av + u) = ATv + Tu. If the spaces
are normed it is called an isometry if | Tv|w = [[v]ly. We will usually be interested in maps
that do not necessarily preserve the norm, but only respects the topologies they induce, i.e.,
is continuous.

Claim 4.3. Let V,W be normed vector spaces, let T: V — W be linear, and fix ve V. The
following are equivalent:

1. T is continuous.
2. T is continuous at v.

Proof. Clearly (1) implies (2). Assume (2), so that whenever lim, v,, = v then lim, T'(v,) =
T(v). Let lim, w, =w, i.e., lim, |lw, —w| =0. Let v, =w, —w +v Then

lim v, —v| =lim |w, -wl| =0,
n n
so that lim, v,, = v. It then follows from Claim 4.1 that

lirrln T(w,)= lirrln T,+w-v)=Tw)-T() +lir1Ln T(v,) =T(w).
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We say that two norms on V are equivalent if there exists a constant C > 0 such that for
all v € V it holds that |v]; < C|lv|l2 and likewise |v]9 < C|lv]l1. It follows from Claim 4.3 that
two norms are equivalent iff they induce the same topology. As an example of equivalent
norms we can take all the norms on R?. As an example of unequivalent norms we can take
the two norms on C([0,1]).

Linear maps R” — R are always continuous. This is not true more generally. To see
this, consider the normed vector space V of finitely supported functions f: N — R, with the
norm | f| = max;|f(i)]. Let T: V — V be the linear map given by [Tf1(i) = if(i). Consider
the sequence f1, f9,... given by

N 1/n i=n
fn(l)_{O I#n.

Then | f,| = 1/n, and so lim, f, = 0. But lim, T'f, # 0 since ||f,|l = 1. Hence T is not con-
tinuous. Note also that T' is not bounded, in the following sense: for every C > 0 there
exists f € V such that |Tf|| > C||f]l. That is, a linear map T': V — W between normed linear
spaces is bounded if there exists a C > 0 such that |Tv|lw < C|lv|lw for all v € V. Another
equivalent definition is the following. Let

T
1T =inf{C : [Tv] < Cllvl} =sup{llTv] : vl = 1}:Sup{% : v#O}

be the operator norm of T. Then T is bounded if it has finite norm.

Theorem 4.4. Let V,W be normed vector spaces. Then a linear map T: V — W is continuous
iff it is bounded.

Proof. Suppose T is bounded. Let lim,v, =0, so that lim,, |lv,]l = 0. Then lim, |Tv,| <
lim,, [T |||lv,]l =0, and T is continuous at 0. It follows from Claim 4.3 that T is continuous.
Suppose T is not bounded. Let v1,vg,... be unit vectors such that lim,, || Tv, || = co. Let
Wy = ”Tlf—l’}n” Then |w,| = 1/|Tv|, and so lim, w, = 0. But |Tw,| =1, and so lim, Tw, #0 =
T(lim, wy,). O

Let V,W be normed vector spaces. We denote by L(V,W) the set of bounded linear
operators. We can equip it with a normed vector space structure using the obvious linear
operators and the operator norm. It turns out that if W is a Banach space then so is L(V,W).

4.2 Linear functionals

Let V be a real vector space. A linear functional is a linear map from V to R. Note that by
Claim 4.3, when V is normed, a linear functional ¢: V — R is continuous iff lim, ¢(v,) =0
whenever lim,, v,, = 0. By Theorem 4.4, it is continuous iff there exists some C > 0 such that
|p(v)| < C whenever |v| =1.

When V is normed we call L(V,R) the dual space of V and denote it by V*. Since R is a
Banach space, sois V*.
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Every linear functional F': R? — R is of the form F(x1,...,xq) = YrArxp. If V are the
bounded signed measures on (R, 28) then, given a bounded measurable f: R — R, the func-
tional F(n) = [ fdn is a linear functional which is moreover bounded. Given a Borel proba-
bility measure u on [0, 1], a linear functional on C([0,1]) is ¢(f) = [ f du. This functional is
bounded under the norm ||f |, = max, |f(x)l, since ¢(f) < |If |- However, under the norm
I71l; = [fdA it is not necessarily bounded. For example, if u = §¢, then ¢(f) = |f(0)|, and
clearly we can find £, € C([0,1]) such that ||f,|l; — 0 but £(0)=1.

In the remainder of this lecture we will prove the Hahn-Banach Separating Hyperplane
Theorem. A hyperplane is a linear subspace H €V such that H # V and there is some
veV\H such that V =H +Ru.

An equivalent definition is the following. Given a subspace W €V, define an equivalence
relation on V by u ~v if u —v € W. It is easy to check that V/W inherits a vector space
structure (furthermore, if V is normed and W is closed, then ||lu + W| = inf,ew lu +w] is a
norm on V/W). A Hyperplane is a subspace H such that V/H has dimension 1.

One can show that if ¢ is a non-zero linear functional then for every x € R the set ¢~ 1(x)
is a hyperplane.

Recall that C €V is convex if u,w € C implies that au + (1 —a)w € C for all a € (0,1).

Theorem 4.5 (Separating Hyperplane Theorem). Let V be a normed vector space, let C,D
be open, convex, disjoint subsets of V. Then there exists a linear functional ¢ and a € R such
that p(u) < a < @) for all ue C and v eD.

To prove this we will prove the analytic Hahn-Banach Theorem. It allows us to construct
linear functionals by extending functionals from subspaces to the entire space. Instead of
considering normed spaces we will do this for a larger class.

Let V be a linear space. A sublinear functional is a map p: V — R such that

1. Subadditivity. p(u +w) < p(u) + p(w).
2. Positive homogeneity. p(1v) = Ap(v) for all 1 = 0.

Every norm is a sublinear functional, as is every linear functional. As an example of a
sublinear functional that is neither, let V be the finitely supported functions f: N — R, and
let p(f) =1f(1)|. We say that a linear functional ¢: V — R is dominated by p if ¢(v) < p(v) for
all v e V. Note that if V is normed then a linear functional ¢ is bounded iff it is dominated
by some equivalent norm.

Theorem 4.6 (Hahn-Banach). Let V be a real vector space, and let p be a sublinear func-
tional on V. Suppose that W cV is a linear subspace and ¢: W — R is a linear functional
that is dominated by p. Then ¢ extends to a linear functional w: V — R that is dominated by

p.

Before proving this theorem we will use it to prove the separating hyperplane theorem.
Given a convex, open C c V containing 0, define its gauge p: V — R by p(v)=infla >0:v €
aC}. Positive homogeneity of p is immediate, and subadditivity follows from the convexity
of C. Hence p is a sublinear functional. It can be checked that that p(v)<1ifv eC.
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Proof of Theorem 4.5. We prove a simpler claim, by showing that if 0 ¢ C then there is a
linear functional ¢ such that ¢(v) < 0 for all v € C. The more general statement can be
shown from this one by considering the convex set C —D ={u —w : u € C,w € D}, which does
not contain 0.

Choose any vg € C, and let Cy = C —vy. Let p be the gauge of Cy. Note that —vg & C,
because 0 ¢ C. Hence p(—vg) = 1. Define a linear functional on Rvgy by ¢(Avg) = —A. Then ¢
is dominated by p.

Using Theorem 4.6, extend ¢ to a linear functional on V that is dominated by p. Then
for every ve C

y)=w{—-v9)+ Yy <plv-v9)—1<0,

because v —vg € Cy, and so p(v —vg) < 1.
|

Proof of Theorem 4.6. If W =V then clearly we are done. Otherwise, choose ve W\ V. We
show that we can extend ¢ to a linear functional y: W + Rv that is dominated by p. From
there, the proof follows by a Zorn’s Lemma argument.

Note that since ¢(v) < p(v), we have that for all w;,we e W

pw1) +pw2) = p(wi +w2) < p(wi +w2) < p(wi —v) + p(wg +v).
Rearranging we get
pw1) - p(w1 —v) < p(we +v) — P(ws).
Since this holds for all w1,ws there is some « € R such that
pwy) - pw; —v) < a < plws+v)-—pws)

for all wi,we e W.

Define y: W+Rv — R by v (w + Av) = p(w)+ Aa. This is well defined, because if w;+A1v =
weo + Agv then (A1 — A9)v = w1 —wq, which can only happen if A1 = Ag. It follows that for all
A>0

o(w + Av) = Mpw/A) + al < Alp(w/A) + p(w/A +v) — p(w/A)] = p(w + Av).
A similar calculation shows that the same holds when A < 0. O

4.3 Baire Category Theorem (by Holly Krynicki and Lara San Mar-
tin Suarez)

Let (Q,Z, 1) be a measure space. We think of co-null sets as being “almost everything”.
As such, they have the following useful property: if A{,A9,... are co-null then so is their
intersection. This is useful for proving the existence of certain objects: if we can write a
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property A as the countable intersection of co-null properties A1,Ao,..., then we know that
there exists an object with property A, even if we cannot construct it directly.

Let X be a topological space. Today we will introduce a purely topological notion that
corresponds to being “almost everything”. The idea is to start by thinking of dense open sets
as being “almost everything”, but this does not exactly work, since a countable intersection
of open sets need not be open. However, if we think of countable intersections of dense open
sets (i.e., dense G4 sets) as “almost everything,” then the Baire Category Theorem shows
that when X is a complete metric space this works.

Definition 4.7. A space X is separable if there is a countable subset A < X such that A=X,
or, equivalently, A is dense in X.

Definition 4.8. A set B is called a G set if B =(1;2; U; where each U; is open.
Example 4.9. The set of rationals in [0,1] is not a G4 set.

Definition 4.10. A subset A of a space X is nowhere dense if A contains no non-empty open
set. Equivalently, A is nowhere dense if X — A is dense.

Definition 4.11. A set that is a countable union of nowhere dense sets is meager or a set
of the first category (Cat I). A set that is not Cat I is a set of the second category (Cat II). A
residual set is a Cat II set whose complement is Cat I.

Theorem 4.12 (Baire Category Theorem). Let X be a complete metric space. Then:
1. A countable intersection of dense G sets is a dense G set.
2. Xis Cat II

Proof. If{A,,} is a sequence of dense G5 sets, then we know each A,, is a countable intersec-
tion of open dense sets. The intersection of all A,, will then still be a countable intersection
of open dense sets, thus we need only consider the open dense sets that contain each A,,.
Let {U,},en be a sequence of open dense sets (G5 sets) and let V =,,enUa.

For (1), it suffices to show that if W c X is open and nonempty, then W intersects V. If
W did not intersect V, then V would be closed and since W is nonempty, so V =V C X.

We know U1 n'W is open and nonempty since U; is an open dense set. Thus, we can
choose x¢ € X and ro € R™ such that B(xg,r9) cU;NW and 0 < rg < 1. Since each ball is open
and nonempty, we can inductively choose x, € X and r,, € R* for all n > 0 such that:

B(x,,r,)cU,NB(x,-1,r»-1), and
O<r,<2™

Since r, — 0 and for all N € N, x,, € B(xy,rn), {x,} is a Cauchy sequence.
X is complete, so x =limx,, exists, and we have for all N:

x€Bxn,ry)cUnNB(x1,r1)cUnnW
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That is, WNV is open, nonempty, and since W was arbitrary, we can conclude that V is
dense, and thus V is a G set.

For (2), we need to show that X is not Cat I. Let {A,} be a sequence of nowhere dense
sets. Then, {X — A,} is a sequence of open dense sets. Then (X —A,) # @, so

UA,cJA, #X
U

Remark 4.13. If X is a complete metric space and no point is isolated, then X contains no

countable dense G5 set. Note a point x of subset A c X is an isolated point if there exists some
open U c X such that UN A = {x}.

Example 4.14. Consider R union sequence {r;} for each r € Q. Define d(r;,r) = % and for
x€R,

1
d(ri,x):;+d(r,x)
1 1
d(riysj):_.+_.+d(r78)
i

This is a complete metric such that each r; is isolated. The set |, (U;r;) is open, countable,
and dense.

Let us see how we can apply Baire’s Category Theorem in the theory of linear maps.

Theorem 4.15 (Open Mapping Theorem). Let T: V — W be a bounded linear operator be-
tween Banach spaces. If T is surjective then T is open.

Proof. Denote by B, := B,(0) the ball of radius r > 0 centered at 0. It will be clear from
context whether this ball is taken to be in V or W. Note that it suffices to show that 3r >0
such that B, c T'(B1) in W by the linearity of T'.

Since V =2, B;, we can express W =72, T'(B;) by the surjectivity of T'. Here is where
we apply Baire’s Category Theorem: W is complete and so T(B,) cannot be nowhere dense
Vn = 1. Taking the homeomorphism w — nw mapping T (B1) to T'(B,,), this is equivalent to
saying T'(B1) cannot be nowhere dense. That is, Jwg € W,r > 0 such that By, (wg) < T'(B1).

Let us pick vy € V (or equivalently, w; := Tvy € W) such that |[w; —wgl| < 2r. Then, we
have that Bo,(w1) C B4,(wo) < T'(B1) since By (wo) € T(B1). So choosing a w with ||w]| < 2r,
we can write w = Tv1 + (w —w1). Since w—wq € T(B1) and T is linear, we deduce w €
T(vl +Bl) g T(Bz) since v EBl.

Overall, dividing the above expression by 2, we have found that there exists » > 0 such
that, forw e W,

lwl| <r=>weTBq).

To show that T is open, we just have left to check that, by shrinking our radius, we can
replace T'(B1) by T'(B1). It is in this part of the proof where we will use that V is also a
Banach space.
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Suppose ||w|| < r/2. Then, there is a v1 € Byjp with |[|w — T'v1|| < r/4. Inductively, there is
Uy, € Bo-» with |lw — Z;.Lzl Tvj|| < r277~1 Notice that we are using that 7 is linear and thus
lw|| <r2™ = w e T (Bg-n).

Since V is complete, we have that }>° ; v, — v € V such that |[v|| < Y77 [lv,l| = X572, 27" =
1 and w = Tv. In order words, T (B1) contains all w with ||w|| < r/2 and we are done. O

Corollary 4.16. IfV and W are Banach spaces and T': V — W is a bijective linear map, then
T~ is also a bounded linear operator.

Definition 4.17. We say alinear map 7': V — W is closed if its graph I'(T') := {(v,w) e V xW : w = Tv}
is closed as a subspace of V x W.

Note that this definition is equivalent to saying that for any {x,}, sequence of elements
in V such that x,, — x, if Tx,, — y then y = T'x.

Remark 4.18. If T: V — W is continuous, then it is closed.

Note, however, that the converse is not true. Take for example the linear map

d
—: (C@”l([O,l]),ll'lloo)—'(C@”([O,l]),ll'lloo)-
dx
This map is closed, but not bounded.
To show that indeed it is not bounded, consider the sequence of functions {f,}, in (‘61 ([0,1D), 11" lleo)
defined as

4,2

fn(x) =e "*

Then, %fn = —2ntxe """ and we have that ||%fn||oo > 2n2/e, which means

—_— e ¢! 0,1 = X >
H H ||f|| Sifeeo1z fnlloo =

The next application of Baire’s Category Theorem tells us that, if we consider an extra
assumption in our spaces V and W are complete, the converse will also hold.

Theorem 4.19 (Closed Graph Theorem). Every closed linear map T:V — W between Ba-
nach spaces is bounded.

In the example above, what fails is that (‘61([0 10,1l IIOO) is not complete. Indeed, take

{fn}n a sequence of functions in ‘61 ([0,1]) defined as f,,(¢) = - smnt We have that IInt loo < Z’

meaning that lim,, ||/ — = 0. However, dft” =cosnt and lim,, .o llcosnt|| s +4 dt =0.

Proof. Consider ny and mw the projections of I'(7") onto V and W respectively. Notice that V
and W being complete implies that V x W is complete, and thus I'(T') is too since T is closed.
7y is a bijection from I'(T') to V and by Corollary 4.16, n{,l is bounded. Then, T = 7w o n{,l
is a composition of bounded operators and we are done. O
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As a last application, the next theorem provides us with uniform estimates from point-
wise estimates in certain situations.

Theorem 4.20 (Uniform Boundedness Principle). Suppose that V and W are normed vector
spaces and </ a subset of L(V,W). Then,

1. If suppey [ITv|| < oo for all v in some non-meager subset of V, then suppc, ||T|| < co.

2. If V is a Banach space and suppc ||ITv|| < oo for all veV, then suppc 4 IT]]| < co.

4.4 Topological vector spaces (by Minakshi Ashok and Luis Soldev-
illa Estrada)

In this section, we generalize some results of normed topological vector spaces to semi-
normed topological vector spaces.
Considered a semi-norm p : X — R. Seminorms have the following properties:

1. Triangle Inequality: p(x+y) < p(x) + p(y)

2. Absolute Homogeneity: p(Ax) = [1|p(x)

Notice that semi-norms have all the properties of norms except that a non-zero vector x
can have a zero seminorm. Since norms are also seminorms, the results that follow always
apply to normed vector spaces.

Why should we study seminormed spaces in the first place? It turns out that in some
cases, the topological space arising from seminorms cannot be recreated using norms.

Let’s consider a concrete example: take the space of all real-valued sequences RY. Let
x,y € RN, Define a family semi-norms {pg}een as the absolute difference between the ath
elements of x and y:

pazlxa_yal- 4.1)

One can check that p, satisfies the conditions for a seminorm. Additionally, the topology
generated by this seminorm is that of pointwise convergence. It is not possible to obtain the
same topology using seminorms.

To see this, consider the sequence f,(i) =1 if i = n and zero otherwise. The family
of seminorms induces a topology of pointwise-convergence, and the sequence converges to
f=1(0,0,0,0......) in the point-wise sense.

Now, if there were some norm |-|| such that f,, — f, then using the definition of conver-
gence of sequences in normed spaces, ||, — Il — 0. However ||/, =1Vn, and | f| = 0, which
implies that f,, — f cannot be satisfied. This is a consequence of the fact that there is no
norm inducing the topology of pointwise convergence for countably infinite spaces.

The above example demonstrates why topologies induced by families of seminorms are
interesting in their own right.
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Recall that a norm naturally induces a notion of a metric, which in turn induces a topol-
ogy. Metric topologies are T4, and any two points in the topology can be separated by open
sets (Hausdorff). This is often a nice property to have.? When can we construct Hausdorff
spaces using seminorms?

Proposition 4.21 (Hausdorff Seminormed TVS). Let {pylaca be a family of seminorms de-
fined on a vector space X. Consider the topological vector space (X, ) generated by open balls
Ulx)={yeXIpa(y—x)<e}’.

X is Hausdorff iff for each x # 0,3a € A such that p,(x) #0.

Proof.

(=) Given X is Hausdorff. Then, for any distinct points x,y € X, 3 open sets U,V € 7 such
that x e U,y eV and UNnV =¢. U,V can be written as a union of open balls as
U= UiUgi(xi),V = UjVE(jj(xj), Ugi(xi),V:;j(xj) € 7, since T is generated from the set of
open balls. This implies that 3a € A,e > 0 such that p,(x—y) > €. Since x, y are distinct
points, 2z = x — y is non-zero. Therefore, V non-zero vectors z, da such that p,(2) #0.

(<) Given for each x # 0,3a € A such that p,(x) # 0. Pick two distinct x,y € X. Then, x — y
is non-zero and da € A such that p,(x —y) # 0. Define § = w. Then, Ug(x) and
Ug (y) are two disjoint open balls around x and y. Such a construction can be made for
any choice of distinct x,y € X — (X, 1) is Hausdorff.
]

Proposition 4.22 (Metrizability of Hausdorff Seminormed TVS). Let {py}qca be a family of
seminorms defined on a vector space X. Consider the topological vector space (X, 1) generated
by open balls U (x) ={y € X|p.(y —x) <€}

If X is Hausdorff and A is countable, then X is metrizable with a translation invariant
metric (i.e., p(x,y)=px—2z,y—2),Vx,y,2€ X).
Proof. Construct p(x,y) = Zaz%,min{l, Palx —y)}. We can verify that p satisfies the condi-
tions for a metric:

(1) Distance from a point to itself is zero. p(x,x) = Zaz%min{l,pa(x—x)} = Zaz%min{l,pa(O)} =
0.

(2) Symmetric. Since seminorms are symmetric (why?), p(x,y) = Za%amin{l, palx—y)}=
Tagmin{l, pa(y —2)} = p(y,x).

(3) Triangle Inequality.
Consider x,y,z € X. Then,

p(x,¥) = Zammin{l, po(x— )} < Zozzmin{l, pa(x—2)+po(z— )} < Zogminf{l, palax—
2} +Zazmmin{l,palz — )} = p(x,y) < p(x,2)+ p(z, ).

2Most spaces we usually encounter are Hausdorff. Without it, we begin to encounter some weird properties.
3Note that the textbook uses the notation U,ge instead.
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Additionally, we can verify p is translational invariant. Let x,y,z € X. Then:
plx—z,y—2)= Zaziamin{l,pa(x —z+z—-9y)}= Za%amin{l,pa(x— y)}=plx,y) O

In general, a topological space (X, 1) is metrizable if it is first-countable and Hausdorff
(Birkhoff-Kakutani Theorem).

Theorem 4.23 (Convergence of Nets). If < x; >ic7 is a net in X, then x; — x iff po(x; —x) —
OVaceA.

Proof.

(=) Given x; — x. Recall that x; — x = V open neighbourhoods Uofx, the net x; is
eventually in U.

Therefore, Va € A,Vd > 0,3AN(5,a) € N such that p,(x —x;) <6, where i > N(§,a) =
Palx—x;) > O0VacA.

(<) Given pyu(x; —x) - 0Va e A = V open neighbourhoods Uof x, the net x; is eventually

in U. Therefore, x; — x.
]

It’s worth mentioning that the notion of nets can be used to define continuity of a function.
Given spaces X, Y, f: X — Y is continuous at x € X iff V net <x, >— x, < f(xy) >— f(x). See
Proposition 4.19 in Folland for more details.

(if time):

Definition 4.24. A set A is a convex set if Vx,ye€ A, tx+(1—t)ye€ A, where ¢ €(0,1).

Definition 4.25. A topological vector space is locally convex is there is a base for the
topology consisting of convex sets.

Theorem 4.26 (Locally Convexity). Let {p}qaca be a family of seminorms defined on a vector
space X. Consider the topological vector space (X, 1) generated by the basis B={Ug(x)={ye
X|pa(y—x) <e€}} (that is, set of open balls defined by the seminorms).

Then, (X,1) is a locally convex topological vector space. .

Proof. Pick any U8(x) € B. Then, Vy,z €U, palx—ty—(1-1)z) = pa(tx+(1-t)x—ty—(1-t)z) =
Pa(tx—y)+(1-t)(x—2)) < pa(Hx—y)+pa(1-t)(x—2)) = tpa(x—y)+(1-t)pa(x—2) < te+(1-t)e =
€

= palx—ty—(1-1t)z)<e

= ty+(1-1)zeUfx)

— B is a set of convex sets. Therefore, X, 7 is locally convex O

A few lectures ago, we showed that continuous linear maps between normed vector
spaces are bounded. This is useful when studying bounded linear operators. We can prove
a similar result for seminormed vector spaces:
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Proposition 4.27 (Continuity of Linear Maps). Suppose X, Y are vector spaces with topolo-
gies defined, respectively, by the family of seminorms {pa}aca and {pglpep. Let T : X —Y be
a linear map.

T is continuous iff VB, 3ay,.....,a, € A such that qg(Tx) < Czlfpak(x).

Proof. Let(X,7x),(Y,7y) be the topologies generated from the families of seminorms {p}qea,
{p g} peB respectively.

— Assume that T is continuous, i.e. x; — x implies that T'x; — T'x. More specifcally, for
any f§ € B there exists a neighborhood U of 0 € X such that qg(Tx) <1 for allx € U. By
construction of UY we know that finite intersection of these form a basis neighborhood
around x. Therefore, let U = ﬂ?zl U (x)zjj and take € = min(eq,...,e;). This gives that
qp(Tx) <1 whenever p,;(x) <e for all j. Consider two cases

* If po,(x) >0 for some j, then we define

€X

Y=
Z?zlpaj(x)

Therefore, we have p, (y) <€ and

k k
qp(Tx)=Y € po,®gp(Ty)se Y pa,(x)
j=1 J=1

* Otherwise, we must have that p,,(x) =0 and pg,(rx) =0 for all r >0 and all ;.
Thus, rqs(Tx) = qp(T(rx)) <1 for all r. This immediately implies that qg(Tx) <
¢! Z?leaj(x), as desired.

< Given qg(Tx)<C Z’f Pa,(x). Therefore, for every converging net xo — x, po(x —x;) —
OVa € A (from Theorem 4.23). Therefore, qg(Tx —Tx;) - 0VfeB — Tx; —» Tx. If

Tx; — Tx for every x —x; — 0, then T is continuous®.

O

We wrap up this first half of the lecture by giving another example showing how semi-
norms give more structure to certain spaces and operators. For this, consider the space of
infinitely differentiable functions C*°([0, 1]) and the linear map d/dx: C*°([0,1]) — C°°([0,1])
given by differentiation. For f) = e’*, we have that

d
—(F)=AeM = Afy
dx

which implies that W/ﬁl;f% =|A| and, thus, in the operator norm ||d/dx]|| is = A for an

arbitrary A. Therefore, d/dx is an unbounded linear map. We have proved that there is no

4See Proposition 4.19 in Folland.
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possible norm in C*°([0,1]) so that d/dx is bounded ( more specifically, continuous). To fix
this issue we use seminorms and the topology generated by these. Consider the seminorms

pr(f)= sup IfP)

O<x<1

for each £ € N.
This makes C°°([0,1]) into a Frechet space (a complete topological vector space with
countable seminorms) and makes % continuous, as desired. Indeed, for any 2 e N

Hpk(%f)u = HPk+1(f)H

By Proposition 4.27, % is a continuous linear map.

Now, we explore other useful ways to topologize a vector space X. A natural way to do
this is to consider a vector space X, a normed space Y and a family of linear maps {T,: X —
Yolaca. We set I to be the weakest topology in X that makes each T, continuous in the
sense of Proposition 4.27. More specifically, this topology is generated by the seminorm

Da(x) =|T ¢ ()|

By proposition 4.21, this topology is generated by
Usae ={x0 € X 1 [|Tq(x) — Ty (x0)l| <€}

Following the example of C*°([0,1]), such norm is generated by T (f)=f &) The notion
of inducing the weakest topology in X is very useful because it will give different notions of
compactness on the spaces of interest. This is reflected in the following theorem

Theorem 4.28. If & is a normed vector space, then the closed unit ball B* ={f e X" : ||f]| <
1}in X" is compact in the weak* topology.

The importance of this theorem comes from its analogous in finite-dimensional vector
spaces. If V is a normed vector space, then the unit ball is compact iff V is finite-dimensional.
Therefore, by considering weak topologies, we are "uncovering" more compact sets that we
would have missed if we were only considering normed vector spaces.

Before proving the above theorem, we introduce the aproppiate terminology. For any
topological vector space X, we consider its dual space X™ consisting of continuous linear
functionals.

* The weak topology on X is generated by X *, i.e. it is generated by the seminorms

pax) =|AMx)| for Le X™

* The weak * topology on X * is generated by X, i.e. it is generated by the seminorms

px(A) = |Ax)| for xe X
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The former implies that in X , x,, — x weakly iff A(x,) — A(x) for all A € X*. For the latter,
fn — f weakly iff f,,(x) — f(x) for all x € X. We are in position to prove the theorem

Proof. Proof of Theorem 4.28. For each x € & consider
D,={zeR: |z| <|lx|l}

By Tychonoff’s theorem, we know that D = [[,c9 D, is compact in the product topology.
Each element in D can be identified with the real-valued functions f from & such that
|[f(x)] < |lx|| for all x € Z and the elements of B* are the linear functions.

Note that the product and weak™ topology are the pointwise convergence topology in &'.
Thus, it suffices to show that B* is closed, i.e. the pointwise limit of linear functions is a
linear function. Let f;, — f be a pointwise limit and note that

flax+by)= liranfn(ax +by) = liranafn(x) +bf,(y) = liranafn(x) +lirrlnbfn(y) =af(x)+bf(y)

O

To conclude the lecture, one may also ask if we can endow the same kind of topology on
the space of operators between Banach spaces X,Y. Indeed, we can and we say

* We say that L(Z',%) has the strong operator topology when T, — T iff T, (x) — T(x)
for all x € X in the norm topology of Y

* We say that L(Z',%) has the weak operator topology when T',, — T iff T, (x) — T'(x) for
all x € X in the weak topology of Y

4.5 Hilbert spaces I

Let ¢2 be the set of functions f: N — R such that Y; £(i)?> < co. Then it can be shown that .#
is a Banach space with the norm ||| = ¥; £(i)?. The subspace of finitely supported f is also
a normed vector space, but is not complete.

The space ¢2 admits more structure than a general Banach space, and is in some sense
the infinite dimensional space that is closest to R?. The extra structure is given by the inner
product:

(f,& =) f()gh).

A Hilbert space is a generalization of ¢2. Moreover, as we will see, every reasonable (i.e.,
separable) Hilbert space is in fact isomorphic to £2. To define Hilbert spaces we will first
define inner products. Let V be a vector space. An inner product on Visamap ¢-,-): VxV —
R with the following properties, which are satisfied by the usual inner product in R?.

1. Symmetry. (v,w) = (w,v).
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2. Bilinearity. (Av + u,w) = A{v,w) + (u,w).
3. Positive definiteness. (v,v) >0 for all v #0.

Theorem 4.29 (Cauchy-Schwarz Inequality). For every u,w € V it holds that (u,w)? <
(u,u){w,w), with equality iff span{u} = span{w/.

Proof. Fix u,w e V. If w =0 then the result is immediate. Otherwise, define /: R — R by
fx)=(u—-w,u—Aw).
By positive definiteness f = 0, and by bilinearity and symmetry we have that
f(x)=(u,u) -2 {u,w) + Az(w,w).
Hence f is a non-negative quadratic, and achieves its minimum at x¢ = (u,w)/{w,w). Now,
f(xo) = (x, %)% = (u, wy*/(w,w)?,

and since f = 0 we have that this expression is also greater than 0, yielding the inequality,
with equality iff u —xqw = 0. O

To an inner product we can associate a norm given by |[v] = v/(v,v). To see that this
satisfies the triangle inequality, apply the Cauchy-Schwarz inequality:

||u+w||2:(u+w,u+w)

=(u,u) +2{u,w) + (w,w)

< u,u)+2v{u,u)y{w,w) +(w,w)

2 2
= lull® +2[ullwl + lwl

= (lull + lwl)?.

A Hilbert space is a vector space equipped with an inner product that is complete under
the topology induced by the associated norm.

Given a measure space (2,2, u), we define L2(Q,Z,u) as the space of measurable func-
tions (up to a.e. equivalence) f: Q — R such that [f 2du < co. We equip it with the inner
product

f,g = f f(w)g(w)du(w).

We will not show this now, but L2(Q,X, i) is a vector space, this is an inner product, and
L%(Q, X, p) is moreover a Hilbert space. The space ¢? is a particular case for Q =N and u the
counting measure.

The space C([0, 1]) can be equipped with an inner product given by (f,g) = [ fgdA, where
A is the Lebesgue measure. This is not a Hilbert space, however, as it can be shown that it
is not complete.
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The natural notion of an isomorphism between Hilbert spaces #1, #% is that of an or-
thogonal map (for complex Hilbert spaces these operators are called unitary) T': /£ — A5,
which preserves the inner product:

(Tv, Tw)y = (v,w);.

This implies that T is also an isometry. An important example is the following. Consider
A€ =L? = L?(R,%, 1), and let 0: R — R be given by o(x) = x + 1. The operator U: L? — L?
given by

Uf=foo

can be seen to be orthogonal. More generally, if # = L%(Q, %, ) and 0: Q — Q is measure
preserving—i.e., 0. = pu—then Uf = f oo is an orthogonal operator.

Given a Hilbert space #, we say that u,w € # are orthogonal if (u,w) = 0. We say
that u is orthogonal to a subset S € ./ if it is orthogonal to every w € S.

It can be shown that any finite set {v1,...,v,} € / spans a space that is isomorphic to
some R? as a Hilbert space. The idea is to construct a basis of d orthogonal unit vectors to
span{vy,...,v,} using Gram-Schmidt, and identify this basis with the usual unit vectors of
RY.

This allows us to reduce any question involving only finitely many vectors in # to a
question about R?.

For example, the next three results only involve finitely many vectors in #. These not
dot require completeness.

Theorem 4.30 (Parallelogram Law). For all u,w € /€ it holds that
lu+wl?+ lu —wl® = 201wl + w1,

Theorem 4.31 (Pythagoras). If vy,...,v, € A are orthogonal then
2
< 2
= Z v lI7.
=1

1=

n
> Ui
=1

Theorem 4.32 (Convexity of the norm). Fix vy € A, and suppose that ¢ = |lvg —w| = |lvo —ull >
0. If u #w then |lvg—(u+w)/2| <ec.

Note that this does not hold in general for normed vector spaces; for example, take the
¢'-norm on R2.

Another nice operation that Hilbert spaces share with R? is that of orthogonal projec-
tion. The only caveat is that here things will only be nice if we project to a closed subspace.
Note that a closed subspace of a Hilbert space is also a Hilbert space, and in particular is
complete.

As an example of a non-closed subspace we can take C([0,1]) c L%([0,1], %, 7). The fol-
lowing are examples of closed subspaces:
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1. Let # = LZ(Q,Z,u), and let £; X be a sub-sigma algebra. Then LZ(Q,Zl,u) is a
closed subspace.

2. Let T': A/ — % be a continuous linear operator. Then the kernel of T, {ve A4 : Tv =
0} is a closed subspace of #;.

3. Let U: # — A be a continuous linear operator. Then {v : Uv = v} is a closed subspace.

4. Let S be a subset of #. Then the set of vectors S+ that are orthogonal to S is a closed
vector space.

Let W c ./ be a closed subspace. We define the projection map Py : A — A by

Pw(v) = argmin|v —w]|.
weW

Proposition 4.33. The map Py is well defined, and v —P,,(v) e W=.

Proof. Let ¢ = inf,cw llv—w]| and let ||v —wy|? < ¢+ 1/n for some wi,ws,...€ W. By Theo-

rem 4.30, and because (w, —w;,)/2e W,

lwn = w112 = 2w, — vl +2llw, — vl — 4w, +wp)/2—-v|?
<2llwm —vl?+ 2w, —v|? - 4c?
<4/n.

Hence wi,wq,... is a Cauchy sequence, and thus by completeness converges to some u €
W, because W is closed. It follows that v —u|? = ¢, and so |lv—u| = mingew lv —w]. By
Theorem 4.32, w is the unique minimizer, and so Py is well defined.

To see that v — Pyv € W+ choose any w € W. Then

f(x) = lv—Pwv —xwl? = v — Pyoll? + 2x(v — Pyv,w) + x%||w]|?

is a quadratic function of x whose minimum must be achieved at x = 0. Hence 0 = f'(0) =
2(v — Pwu,w). O

Claim 4.34. If W is a closed subspace of # then # =W e W=

Proof. By Proposition 4.33, we can write any v € /# as v = Pyv+(v—Pwv) € WeW=. Suppose
that v = w + w™ for some w € W,w* € Wt. Then Pwv —w = w* — (v — Pwv). The left hand
side is in W, the right hand is in W+, and so both are in W n W+ and are thus orthogonal to
themselves and equal to 0. O

Claim 4.35. Py : A — /€ is a continuous linear operator.

Proof. Let v =Avq+ve. By Claim 4.34 above, v; = Pwv; + (v; — Pwv;) is the unique represen-
tation of v; as an element of W ® Wt. Hence v = APwvq + Pwvs + A(vi — Pwu1) + (va — Pywus)
is the unique such represenation of v, and so it must be that Pwv = APwv1 + Pwvs.

To see that Pw is continuous, note that from its definition it follows that |Pwuvl < |vl,
since 0 € W. Hence Pyw is bounded and thus continuous. O
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4.6 Hilbert spaces II (by Samuel Goodman and Brian Yang)

In the previous lecture, we gave the definition of a Hilbert space, and established some of
its basic properties, such as the Cauchy-Schwarz inequality. For the following lecture, A4
denotes a Hilbert space.

Now consider the following setup. If y € #, the Schwarz inequality shows that the
formula f),(x) = (x,y) defined a bounded linear functional on # such that ||f,[| = ||| (recall
definition of operator norm). Thus, the map # — #*, y — f, is a conjugate-linear isometry.
The next theorem claims it is surjective:

Theorem 4.36. If f € A", there is a unique y € A such that f(x) = {x,y) for all x € F.

Proof. First we show existence. If f =0, then we may take y = 0. Otherwise, ker(f) is
a proper closed subspace of .#, so in the decomposition .# = ker(f) @ ker(f)*, we have
ker(f)! #{0}. Thus, there is z € ker(f)* with ||z|| = 1. Given x € #, notice u = f(x)z — f(z)x €
ker(f), so that L

0=(u,2) = f@llzI - f(2)(x,2) = f(x) - (x, (2)2),

ie., f(x)=(x,f(z)z) for all x € A.
Now we verify uniqueness. If y,y’ € # such that (x,y) = (x,y') for all x € #, then by
taking x = y— ¥, deduce ||y —¥'||> =0, hence y—y' = 0. O

Thus, #* is naturally isomorphic to the conjugate of #. Consequently, the natural
map S — A — A" is a linear isomorphism. This coincides with the usual natural map
S — A" i.e. A is reflexive.

Now let us recall some linear algebra. A subset {uy}qca of A is called orthonormal if
llugll =1for all @ and (uq,up) when a # . The Gram Schmidt process turns any linearly
independent sequence {x,};.; in # into an orthonormal sequence {u,} such that the span
of x1,x9,...,xn is the same as that of uq,u9,...,uny for all N € N. The first step is to set

—__X1

UL= T Having defined u1,...,un_1, set
N-1 UN
UN=XN— ) (XN,Up)Upn, UN= .
n=1 [lowll

Proposition 4.37 (Bessel’s Inequality). If {ug}qca is an orthonormal set in €, then for any
x € A, and any enumeration of a countable subset u1,us9,... of {glaca:

- 2 2
>, upl® <l
Jj=1

In particular, {a : {(x,uy) # 0} is countable.
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Proof. We show Y ,cr I(x, ug)|? < ||x||? for any finite F C A:

2
0<||lx— Z <x,ua>ua
acF
2
:||x||2—2Re<x,Z<x,ua>ua>+ Y (%, ua)uq
aeF aeF
=lxl? =2 Y K,ugd®+ Y x,uq)®  (by Pythagorean theorem)
aeF aeF
=2l = Y Kx,uq)l?,
aeF
as needed. O

Now let us give the definition of an orthonormal basis. Note that this is not quite the
traditional definition of a basis of a vector space!

Theorem 4.38. If {u,}qca is an orthonormal set in A, the following are equivalent:
(a) (Completeness) For x € /€, if (x,uy) =0 forall a € A, then x =0.
(b) (Parseval’s Identity) ||x||> = Y aea l{x, ul? for all x € .
(¢c) For any x € /£, x =) gea{X,Uq)Uqy, Where this sum has only countably many nonzero
terms and converges in the norm topology for any enumeration ai,as... of the a’s for

which (x,ugy) #Z0.

Proof. Fix the following notation: x € #, and a1,as,... is any enumeration of the a’s for
which {x,u,) #0.
(b) = (a): immediate.

(¢) = (b): We have |lx — j=1<x,uaj>uaj||2

— 0 as n — oo by (¢). However, for any
n € N, notice ||x||? — Z;?:l I(x,u%)l2 =||lx— Z;.‘:l(x,uaj)uajllz by the computation in the proof
of Bessel’s inequality, so (b) follows.

(a) = (c): Note that by the Pythagorean theorem, we have for any n < m:

2 m
=3 Ka,uq)l”.

Jj=n

m
Z <x:uaj>uaj

J=n

(o.0]

However, the sequence Y 1 [{x, uaj)l2 converges by Bessel’s inequality. In conjunction with
the above identity, we deduce that the sequence Z;.L: 1{x,ug g, is Cauchy in the norm topol-
ogy. Hence, Z;’;l(x, Ug;)Uq; CONVErges by A complete.

Now, set y =x— Z‘J’.‘;l(x, Ug)Uq;- Then, for any a € A, we see that

o0

(V,ua) = (X, Ug) = ) (X, Ua;)(Uaj Ua)

Jj=1

(we have already seen by Cauchy-Schwarz that the inner product commutes with convergent
sequences of vectors in ). Hence, (y,u,) =0, meaning y =0 by (a), so that (c) follows. [
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An orthonormal set {uy}qea of A is called a orthonormal basis if {u,} satisfies any
of the equivalent conditions of Theorem 4.38. Again, this is not the standard notion of an
orthonormal basis, but it is the natural structure lying behind spaces like £5(N), where we
can still have convergence at the level of partial sums. Nonetheless, we can show that it has
many of the desirable properties that standard bases have.

Proposition 4.39. Every Hilbert space has an orthonormal basis.

Proof. Consider the set S of orthonormal subsets of #. Any single nonzero vector may be
normalized to have norm 1, and so S is nonempty. Furthermore, any chain of sets in S has
an upper bound (namely the union of all sets in the chain). Thus Zorn’s Lemma implies that
S has a maximal element T = {u4}4c4, Which is a maximal orthornomal subset. We claim
that T has the completeness property of Theorem 4.32. Suppose that for some nonzero x,
we have (x,u,) =0 for all u, € T. Since x is nonzero, we may normalize x to some x’ so
that ||x'|| = 1. But then appending x’ to the u,s gives an orthonormal subset of # strictly
containing T, contradicting the maximality of 7. Thus we conclude that if (x,u,) = 0 for all
uq €T, we must have x = 0, verifying the completeness property. But then by the Theorem
4.32, it follows that T is a basis for #, completing the proof. O

Proposition 4.40. A Hilbert space A/ is separable iff it has a countable orthonormal basis,
in which case every orthonormal basis is countable.

Proof. If 7 is separable, then we can find a countable dense subset {x,,n € N}. Iteratively
removing the x, that are in the span of {x1,---,x,-1}, we obtain a subset of # with span
dense in . Applying Gram-Schmidt to what remains gives an orthonormal subset of .
Let {y,,n € N} be the resulting sequence. As the span is dense in /#, completeness implies
that it is actually a basis for #, and so {y,,n € N} is a countable orthonormal basis for /.
Conversely, given a countable orthonormal basis {u,,n € N}, we can choose a countable dense
subset S of C and then consider all finite linear combinations of the u; s with coefficients in
S, which yields a countable dense subset of 4, implying that # is in fact separable. Then
given another orthonormal basis {a,,a € A}, the sets A,, ={a € A,{aq,u,) # 0} is countable
for each n by definition, and thus B = U,nA, is countable. Now any element of / not
in the span of the {a,,a € B} is orthogonal to each u,, so by completeness, is 0, which also
cannot occur as 0 is in the span. Thus {a,, @ € B} spans # and so A = B, implying that A is
countable. O

Hilbert spaces encode quite a lot of structure, and so a natural question to ask is which
maps between Hilbert spaces accurately capture all that structure. Given Hilbert spaces
A and A5 equipped with inner products (-,-); and (:,:)2, a unitary map #; — A% is an
invertible linear map U that preserves the inner products, namely for any x1,x9 € A1, we
have (x,y)1 = (Ux,Uy)9. Note that upon letting x = y, this implies that (x,x); = (Ux,Ux)2,
which means that ||x||; = ||Ux||2 and thus that any such U is an isometry. Since unitary
maps preserve norms, they preserve the topologies on /#; and #%. Thus the condition of
preserving inner products essentially means that all information (inner product, norms, and
topologies) on .#/; are preserved by a unitary map, and so unitary maps are said to be the
true "isomorphisms" in the category of Hilbert spaces.
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Theorem 4.41. Let {e,,a € A} be an orthonormal basis for . Then the map f : /€ — ¢9(A)
given by x — X, where X(a) = (x,ey), IS a unitary map.

Proof. The map f is clearly linear. We show that it is an isometry. Note that ||x||? =
Y sea 1&(a))? < co by Parseval’s identity (Theorem 4.38), so f is well-defined (% is actually
an element of £5(A)) and an isometry (since the norm on ¢5(A) is given by ¥ ,c4 g(a)?). Now
given g € £2(A), we have that ¥ ,c4 lg(@)? < 0o and so as the sum Y ,c4 lg(a)l? converges,
the partial sums )} g(a)e, form a Cauchy sequence, which by completeness means that we
can write x = Y 44 g(@)ey for some x € A4, from which it follows that g = £ (as the e,s
form a basis and invoking Theorem 4.38). Thus f is a surjective isometry. Now we claim
that a surjective isometry between Hilbert spaces is a unitary map. Note that ||fx— fyll2 =
[lf(x—ll2 =1lx—yll1, and so fx = fy, then x = y, proving injectivity. Thus f is bijective and
thus invertible. Furthermore, we have the identity (fx, fy)s = %(Ilfx + fyllg —||fx— fyllg) =
%(I|x+y||% —|lx —yII%) =(x,y)1. Thus we conclude that f is unitary. O

Thus any Hilbert space is in some sense “isomorphic” to the space ¢2(A), where A is the
indexing set of its orthonormal basis.

65



5 LP? Spaces

5.1 Holder’s & Minkowski’s inequalities

Let (Q,%,u) be a measure space. Given a measurable f: X — R and p = 1, we define its

p-norm by
£, = (f Iflpdu)l/p.

We shall see that this is indeed a norm; homogeneity and positive-definitiveness are imme-
diate. While we could have also defined this for p < 1, this would not have been a norm.
For p = 0o we define

1 lloo =infla : o : |If (W) >a}) =0}.

It is immediate to see that |||, satisfies the triangle inequality.

We denote by LP(Q,%,u) (or just LP) the set of measurable functions f: QO — R, up to
agreement a.e., such that || f|| p < 00. When we show that the p-norm is indeed a norm, we
will also prove that this is a vector space, by the triangle inequality.

Towards this goal, we will first prove Holder’s inequality. It is a consequence of the
following claim.

Claim 5.1 (Arithmetic Mean-Geometric Mean (AM-GM) Inequality). For all x,y = 0 and
A€(0,1) it holds that

Oy % <ax+(1-a)y.

Proof. If x or y are zero then the statement is immediate. Otherwise

x%y1"% = exp(alogx + (1 - a)logy) < ax+(1-a)y,

by the convexity of the exponent function. O

We say that p,q =1 are conjugate exponents if 1/p + 1/qg = 1. For example, p =2 and
g =2 are conjugate, as are p =3 and ¢ =3/2 and p =1 and g = co.

Theorem 5.2 (Holder’s Inequality). For conjugate p,q € [1,00], it holds for all f € LP and
geLd that If-gly < IIf 1, lgl,.

Proof. The case of p = co is immediate, so we assume p, g < oo. Suppose that ||f||p =lglly=1;
the case of vanishing norm is trivial and the cases of non-unit norms reduce to this one by
the homogeneity of p-norms. Then

_ 1 1
If-glly = f f-gldu= f(lflp)l/p(lglq)l WP ap < ;f IfIPdu+ Eﬁgﬂdu =Up+lg=1,
where the inequality follows from the AM-GM inequality. O
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Using Holder’s inequality we can prove that p-norms are indeed norms, by showing the
triangle inequality.

Theorem 5.3 (Minkowski’s Inequality). Forall p €[1,00land f,g € L? it holds that || f + gl , <
IF1,+ gl

Proof. The cases p =1 and p = oo are immediate, as is the case f + g = 0. Otherwise, let ¢
be the conjugate exponent to p. Note that

f +ealP =If +&l-If +&lP ' <IfI-If +gl” " +1gl-If +gP~".
Hence
I+ = [1f +girdus [1f1-17 +glP dps [ 1gl-1f +g7 dp
We apply Holder’s Inequality to both of these integrals to get

If+gl5 < (IFl,+1gl,)-[1f +&P 7,

Now,

1/q 1-1/p (1-1/p) 1
|||f+gl"‘1||q:(f|f+gl“(p‘1’du) =(f|f+gl"du) =If+glb P =1+ gl
We thus have that

If+gl, <Ifl,+lglp,.
O

It follows from Minkowski’s Inequality that L? is a normed space. Moreover, by applying
monotone and dominated convergence it can be shown that these are moreover Banach
spaces.

Given a set A, we denote by /”(A) the space LP(A, 24 ¢), where c is the counting measure
on A. We write /P = ¢/P(N). It is easy to see that for p # q it holds that ¢? # ¢9.

Proposition 5.4. For any 1< p < q < oo it holds that ¢P € ¢4, and moreover IIfIIq < ||f||p.

Proof.

£l = (f|f|‘Idu)l/q < (f IFISPIf1P d“)l/q SIFISPNFIZ < (= plI Flloo + DD,
where the last inequality is the AM-GM Inequality, with a = p/q. Now,
I1£15 = supl FOI < ) IFGIP =1f1,
and so ||f |l < ||f||p and we are done. O
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Proposition 5.5. Suppose u(Q2) = 1. Then for any 1 < p < q < oo it holds that LY < LP, and
moreover ||fl, <IIf .

Proof. This is immediate for ¢ = co. For g < oo, we note that q/p and g/(q — p) are conjugate
exponents, and apply Holder’s Inequality:

plq plq
T :f|f|f’-1dus A0 - 1Ll = (f(|f|1’>q/l’ du) = (f|f|qdu) = IFIE.
O

For general measure spaces neither of the above propositions hold. For example, for the
Lebesgue measure on (0,00), p < 1/a < g and f(x) = x™® we have that f(x)1,>1 is in L? but
not L?, and f(x)1,<1 is in L? but not LY. This example hints of a more general phenomenon.

Theorem 5.6. Suppose 1 <p<qg<r<oo, and fix f € LY. Let A ={w : |f(w)| > 1}. Then
flaeL? and flaceL”. Hence L1=LP +L".

Proof. On A we have that |f|? <|f|?, and on A¢ we have that |f|" <|f|9. O
We end with the following result, which we will not prove (using Hélder’s Inequality).

Theorem 5.7. Suppose 1<p<g<r<oo. Then L°PNL" c L4.

5.2 The Dual of L?

In this section we let (2, X, 1) be any o-finite measure space, and denote L” = LP(Q, X, p).
Let p and g be conjugate exponents. Given g € LY, we can define a linear functional ¢,
on L? by

0u= [ fe

By Hoélder’s inequality this is indeed finite, and moreover ||(pg || < |lgll. The next claim shows
that we in fact have equality, as we have already shown for Hilbert spaces (Theorem 4.36).
Before that, a simple lemma.

Lemma 5.8. Let p and g < oo be conjugate exponents. Given g € LY, the function f =
_ -1 .
g9 lglld™ " satisfies If 1, = 1.

Proof. Since p and g are conjugate, (¢ —1)p = ¢, and so

1 1
If15 = f FIP = —_f|g|“I‘1>P = —f igl? =1.
lgld—1» lgllg

O

Proposition 5.9. If p and q are conjugate exponents and q € [1,00] then for any g € L9 it
holds that |@g] = lgll.
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Proof. We prove the case q € (1,00). If g =0 then the result is immediate. Otherwise let
_lgl” " -sgng
lgnd
so that ||Ifll, =1 by Lemma 5.8, and

1 [E{¥
locl = [ fg=— [ 1817 = =27 < g,
Igld gl

The direction ||(pg || <ligll follow from Holder’s inequality. O

It turns out that for p € [1,00) every bounded linear functional is of the form ¢, for some
gell.

Theorem 5.10. Let p and q be conjugate exponents, and suppose p € [1,00). Let ¢: L? — R
be a bounded linear functional. Then there exists a g € LY such that ¢ = ¢@g.

Before proving this theorem we will state (but not prove) the following lemma.
Lemma 5.11. The bounded functions are a dense subspace of LP.
The proof is a simple application of the dominated or monotone convergence theorem.

Proof of Theorem 5.10. We prove for the case that p is a finite measure and p € (1,00). Let ¢
be a bounded linear functional on L?. We define a map n: Z — R by

N(A) = @(14).

Note that 14 € L? for any A € X since u(Q2) < oo.
Suppose that Aj,As,... € Z are disjoint, and that A = U,A,, sothat 14 =3 ,14,. We
claim that

n
lim ) 14, =14
" k=1
as a sequences of elements of L?. This holds because

= ,U(Ukzn+1An)1/p s
p

(0]
Z La,

k=n+1

n
1a- Z 1a,
=l

which tends to 0 with n. Since ¢ is continuous and linear it follows that

n n
nA)=p(la)=¢ (Z ]1Ak) =limg ( ) ]1Ak) =lim ) n(Ap)=)_n(Ay).
k T k=1 " k=1 k
We have thus shown that 7 is a signed measure.
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Note that if u(A) =0 then 14 is a.e. equal to zero, and so ¢(14) = ¢(0) = 0. Hence 7 is
absolutely continuous, and so by Theorem 3.8 there exists a y-integrable g such that

ffdn=ffgdu-

By the definition of 7 and the additivity and linearity of integrals we have that ¢(f)= [ fdn
for any simple f. Since bounded functions can be approximated from above and below by
simple functions, it follows that the same holds for any bounded f.

Let g, be a sequence of simple functions that converge pointwise to g and such that
lgn| <l|gl|. Then by Fatou’s Lemma (Theorem 2.10) we have that

Igll, <liminflig, I,

lgnllg

—hmlnff Ign 1
”gnlq

qg-1
< timi ff gl |§|
lgnllg

= hmlnff %g du
n

lgnl?™ 1sgn(g)
lgn 3"
(Ignlq‘lsgn(g))

:(p _—

qg-1
lgnlld

=liminf
n

where the last equality is a consequence of the fact that the function being integrated is
bounded. Now, by Lemma 5.8, this function has L”-norm 1. Hence this is at most ||(p|| We
have thus shown that g € L?. Since ¢ agrees with the bounded linear functional ¢z on the
bounded functions, and since they are a dense by by the lemma above, these functionals are
identical.

O

Note that ¢! is not the dual of #*°. To see this, let ¢n: ¢° — R be the linear functional
@n(f)=f(n). Note that ¢,(1) =1, and hence, if ¢ is a cluster point of ¢,, then ¢(1) =1. Such
a cluster point must exist, by Theorem 4.28. But ¢(f) = 0 for all finitely supported f, so
@ # g for any g€ 28

Proposition 5.12. For every linear functional ¢ on L' there a g € L™ such that ¢ = Pg.

Proof. We prove for ¢. Let g(n) = ¢(0,), where §,(:) is the indicator of {n}. Since ¢ is
bounded, g € £*°. Given f € ¢!, denote f,, = Y 16nf(n). Then f, — f in ¢, and so the finitely
supported functions are dense in ¢!. Since ¢ and @g agree on these, they are identical. [
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5.3 Interpolation (by Eric Ma and Zhaojun Chen)
In this section, our goal is to prove the following theorem.

Theorem 5.13 (The Riesz-Thorin Interpolation Theorem). Suppose that (Q21,21,u1) and
(Qg,Z9, u2) are sigma-finite measure spaces and po<p1,qo=<q1€[1,00l. For t€(0,1) let

pt_1 =(1- t)pa1 + thl
qt_1 =(1- t)qa1 + thl.

Let T be a bounded linear map from LP°(Qq,%1,u1) + LPH(Q1,Z1,u1) to LI9(Qg, 2o, 1) +
L99(Qg,%9, u2). Let M; be the operator norm of T as a map from LP*(Qq,Z1, 1) — L9(Qg, X, U2).
Then logM; <(1—t)logMg + tlog M.

Our motivation is as follows. Recall that for 1<p<qg<r<oo, LPNL"cLYcLP+L". A
natural question to ask would be whether a linear operator T on L? + L" that is bounded on
both L? and L" individually is also bounded on L9. The Riesz-Thorin theorem tells us that
the answer is yes. To prove this theorem, we will first introduce the following result from
complex analysis.

Lemma 5.14 (Three Lines Lemma). Let ¢ be a bounded continuous function on the strip
0 <Rz < 1 (where Rz means the real part of z) that is holomorphic on the interior of the
strip. If |p(2)| < My when Rz = 0 and |Pp(z)| < M1 when Rz = 1, then |p(z) < Mé_tMi for
Rz=t0<t<l

Proof. We skip the proof of this because it uses results from complex analysis. O
We will also need the following characterization of the norm.

Theorem 5.15. Let (0,2, u) be a o-finite measure space. Let p,q be conjugate exponents.
Suppose that g is a measurable function on the space, and fg € LY (Q,X, ) for all f € S where
S is the set of all simple functions with finite support on the space, and

Mq(g):sup{‘ffg‘ fES,Ifll, = 1}

is finite. Then g € LY(Q),Z, ) and My(g) = lglly-
Using this result, we prove the Riesz-Thorin Theorem.

Proof of Riesz-Thorin Interpolation. We leave the case where pg = p; as a (homework) exer-
cise. Thus we may assume that pg < p; — then py must be finite, so p; < co.

Let S;,i = 1,2 denote the space of simple functions on 2; that have finite support. Then
S; cLP(Q;,Z;,u;) and S; is dense in L?(Q;,Z;, u;) for p < co. The bulk of the proof will lie in
showing that for /' € S1,IITfl,, < Mé_tMi I£1,,- To show this, we rely on the characteriza-
tion of the q; norm that we introduced above:

1T, = sup{‘ f (Tf)gdus

1g€Sa,lglly = 1},
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where ¢} is the conjugate exponent of g;. Then it remains to show that | J(Tf )gdu2| <
Mé_tMi I£1,,. This inequality is trivial if f = 0. Thus, we may scale f such that [If|,, =1,
so it remains to show that

‘ f (T)gdus

Now let f =Y

J:
cj,dp #0. Now let

< MM for f € S1,If I, = 1,8 € Sa, lglly; = 1.

1¢j1E;,8 =%} _,drlF,, where the E; (resp. Fy) are pairwise disjoint and

a(z)=(1-2)py' +2p7", Blz) =(1-2)gy" +2q7 "

where a:C—C,B:C— C. If we let t €(0,1), then a(?) :pt_l,ﬂ(t) = qt_l.
Now fix a ¢t € (0,1). Then recall p; < oo, so a(t) > 0. Thus we define

m

fo= ) lejI*@ 01,

j=1
If () < 1, we let

m
g:= Z |dk|(1_ﬁ(2))/(1_ﬁ(t))ﬂpk.
k=1

If B(t) = 1, we let g, = g instead. We leave the f(¢) = 1 case as an exercise. As a potentially
helpful clarifying note, recall that f,: Q; — C,g,: Q9 — C. Now let ¢ : C — C by ¢(2) =
J(Tf.)g.dus. Observe that ¢ is holomorphic everywhere, and that it is bounded on the
strip 0 <Rz < 1. Because ¢(¢) = [(Tf)gd g, it remains to show that |p(z)| < My when Rz =0,
and |p(z)| < M1 when Rz = 1. We check the former and leave the latter to the reader.

Let z =is,s € R, so Rz = 0. We can factor a(is) :pal + is(pI1 —pal). Then observe

. _ps _ 10
|fis| < |f|§R((x(zs)/a(t)) — |f|pt/P0’ lgisl < |g|§R((1 BGAsN(1-B(1) _ |g|qt/q0.

Then we conclude as follows:

(S < 1T Fisll gy Igisllgr < MollfisllpgI€isll g < Mol fll, €11y, = Mo,

where in the last inequality we use the fact that we scaled f.

Finally, we extend the result for functions in S to all measurable functions on (Q1, 21, y1).
Take any f € LP*(Q1,%1,u1) and choose a sequence f, € S such that |f,| <|f| and f, — f
pointwise, and let E = {x € Q1 : |f(x)| > 1}, g =flg,gn=frle,h=f —-g,hp =fn—gn. Now
assume pg < p1 w.l.o.g.; then, it is easy to check that g € LP° h € LP!. By the Domi-
nated Convergence Theorem, |f,—fl,, — 0,lgn—&ll,, — 0,12, —Al,, — 0. By continuity,
1 Tg,—Tgl,ITh,—Th| — 0, and it is left to an exercise that there is a subsequence of g, 4,
such that T'g,, — Tg,Th, — Th almost everywhere. Then T'f,, — f almost everywhere. By
Fatou’s Lemma,

ITf g, <liminf| Tfylly, <liminf Mg~ Ml foll,, = Mo~ MYIF 1,
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Another very useful theorem is the Marcinkiewicz Interpolation Theorem:

Theorem 5.16. Suppose that (X,.4,u) and (Y, N ,v) are measure spaces; po,pP1,q0,q1 are
elements of [1,00] such that pg < g1 and q¢ # q1; and 1—11 = % + pil and % = % + é, where
O<t<l1.

If T is a sublinear map from LP°(u)+ LP1(u) to the space of measurable functions on
Y that is weak types (po,qo) and (p1,q1), then T is strong type (p,q). More precisely, if
[Tf]qj < lelfllpj for j=0,1, then ||Tfllq <Bpllf|l, where B, depends only on p;,q;,C; in
addition to p; and for j=0,1, Bylp —p;| (resp. Bp) remains bounded as p — p; if pj < oo
(resp. pj = o0).

The following are two applications of the Marcinkiewicz theorem. The first one con-
cerns the Hardy-Littlewood maximal operator H : Hf (x) = sup, m JBeofIdy (f €
L} (R™)).

Corollary 5.17. There is a constant C > 0 such that if 1 < p < oo and f € LP(R"), then
IHFllp < C211fllp.

Our second application is a theorem on integral operators.

Theorem 5.18. Suppose (X, 4, ) and (Y, N ,v) are o-finite measure spaces, and 1 < q < oco.
Let K be a measurable function on X xY such that, for some C >0, we have [K(x,.)], <C
for a.e. x€ X and [K(.,y)lg <C forae y€eY.If1<p<ooand [ €LP(v), the integral
Tf(x)= [K(x,y)f (y)dv(y) converges absolutely for a.e. x € X, and the operator T thus defined
is weak type (1,q) and strong type (p,r) for all p,r such that 1<p <r<ooand p t+q¢ 1=
r~1 +1. More precisely, there exist constant B p independent of K such that [T {1, <B1Cl|f1l1,
ITfll- <BpCliflly p>1,r "' =p~t4+q 1 ~1>0).
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6 Representation theorems for continuous function spaces

6.1 Riesz Representation Theorem for the Cantor space

Let X be a compact topological space. Denote by C(X) the space of all real continuous func-
tions on X, endowed with the (uniform/sup) form | f| = max,cx |f(x)|. A linear functional ¢
on C(X) is said to be positive if ¢(f) =0 for all f =0.

Recall that a topological space X is Hausdorff if for any x # y € X there are disjoint
open sets Uy 2xand U, 3 y.

Proposition 6.1. Let X be a compact Hausdorff space. Then for every ¢ € C(X)* there exist
positive linear functionals ¢*,¢~ € C(X) such that ¢ = p* — p—.

Proof. For every f =0 define
@ (f)=suplp(g): g€ C(X),0< g < f}.

Note that for f >0, 0 < ¢*(f) < ||(p|| -IIfll. The first inequality follows from the fact that
¢(0) = 0, and the second from |p(g)| < ||(p|| gl < ||(p|| A fI.

We claim that for f1,f2 =0 and ¢ = 0 it holds that ¢*(cf1 + f2) = co*(f1) + ' (f2). Ho-
mogeneity and subadditivity follow immediately from the definition. For superadditivity,
suppose 0 < g < f1 + fo. Let g1 = min(g, f1), so that 0 < g1 < f1, and let g9 = g — g1, so that
OSgQSfQ andg1+g2 =g. Then

P(g) = p(g1)+p(g2) < o™ (f1) + " (f2)

Taking the supremum over all such g yields that

P (fi+f) =@ (f)+¢"(f2)

Now, given any f € C(X), let f =f*—f~, for f* =max(f,0) and f~ = max(—f,0), so that
f*,f~=0. Define o (f) =@ (f*)—@*(f7), so that ¢* is a positive linear functional on C(X),
and furthermore |¢™ || < ||¢|. If we let ¢~ = ¢* — ¢ then it follows that ¢~ is also a positive
linear functional and ¢ = ¢* — ™. O

This result, which is a kind of Jordan decomposition for linear functionals, implies that
to understand C(X)* it suffices to understand the positive linear functionals.

The Cantor space is Z = {0, 1}", endowed with the product topology, or the topology of
pointwise convergence. It is a compact metric space (see Exercise 1 in §7). This topology has
a number of nice properties which we will not prove:

Proposition 6.2. The following holds for the Cantor space:
1. The clopen sets form a countable basis for the topology.

2. A countable disjoint union of clopen sets in & is clopen (if and) only if it is finite.
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3. The simple functions are dense in C(X).

To understand (3), note that f € C(&) is simple if there is some n such that for every x
it holds that f(x) is determined by x(1),...,x(n). The result then follows from the fact that a
continuous map on a compact set is uniformly continuous.

Let u be a finite measure on &, endowed with the Borel o-algebra. Then

Pu(f) = f fdu 6.1)

is a bounded positive linear functional on C(&'), with ||(p|| = w(X). Note also that ¢,y =
¢u+@y. The next theorem shows that all positive linear functionals are of this form.

Theorem 6.3 (Riesz Representation Theorem for the Cantor Space). For every positive ¢ €
C(X)* there is a finite Borel measure yon & such that ¢ = ¢

Proof. Let <f be the algebra of clopen sets on & (see Exercise 1 in §7). Define p: &/ — [0,00)
as follows. Given A c {-1,+1}" and

U={weX : (v(),...,0(N)) €A},

let p(U) = ¢(1y). Then p is finitely additive because ¢ is additive, and p is furthermore
(vacuously) countably additive because a countable disjoint union of clopen sets in & is
clopen (if and) only if it is finite. Hence p is a premeasure. By Carathéodory’s Theorem it
follows that we can extend p to a measure on the Borel o-algebra of &. This measure is
finite because p(Z) = ¢(1x) < oo.

Now, for simple continuous functions s it follows from the definition of p that [sdu = ¢(s).
Since these are dense, it follows from the continuity of ¢ and of integration that [ f du = ¢(f)
for all f € C(X). O

It can be shown that if u # v then ¢, # ¢,. It follows that the map u — ¢, from the
bounded signed measures to C(¥)* is a bijection, and moreover is an isometry, when the
bounded signed measures are equipped with the total variation norm.

6.2 More Riesz Representation Theorems, and regular measures
The Cantor space is in fact a very special space, as the following result indicates:

Theorem 6.4. For every compact metric space Y there exists a continuous surjection m: X —

Y.

We will not prove this theorem, but the idea is this. Suppose that Y has the following
property: there exists a sequence r1,rg,... > 0 such that lim, r,, = 0, the radius of Y is rj,
and any closed ball of radius r, is contained in the union of two closed balls of radius r,1.
This holds, for example, for Y =[0,1] and r,, = 0.5". Now, for any n and any x € {0,1}" we

75



will construct a ball B, as follows. Let B =Y. Given B,, let B,y and B,1 be two closed
balls of radius r,,1 that cover B,. Then the map n: X — Y takes x to the singleton at the
intersection Bx(l) N Bx(l)x(2) N Bx(l)x(2)x(3)----

Let Y be a compact topological space. Then every bounded Borel measure u defines a
bounded positive linear functional by (6.1). For compact metric spaces we can prove the
same result, using what we have already shown.

Theorem 6.5 (Riesz Representation Theorem for Compact Metric Spaces). Let Y be a com-
pact metric space. For every ¢ € C(Y)* there is a bounded signed Borel measure pton'Y such

that ¢ = @y.

Proof. Letn: & — Y be a continuous surjection, which exists by Theorem 6.4. Let 7*: C(Y) —
C(X) be given by n*(f) = f on. Then n* is an injection, since if f(y) # g(y) then [7*(f)](x) #
[7*(g)1(x) for any x € 77 1(y). Moreover it is an isometry, and so we can identify C(Y) with its
image n*(C(Y)), which is a subspace of C(&).

Given a linear functional ¢ € C(Y)*, we can define a linear functional ¢* on 7*(C(Y)) by
@*(r*(f)) = o(f). By Hahn-Banach (Theorem 4.6) we can extend ¢* to a linear functional on
C(X), which by Theorem 6.3 is equal to some ¢+ for some bounded signed measure u* on
x.

Finally, let u = 7. (1*) be the signed pushforward measure on Y given by u(A) = u*(r~1(A)).
Then

oulf) = f Fdu= f (A" = @ (0 (F) = 0" (" (F) = ().
O

Note that given ¢, there is a unique bounded signed measure u such that ¢ = ¢,. We
will not prove this.

A space X is said to be locally compact if for every x € X there is a compact K < X such
that x is in the interior of K. Equivalently, for every x € X and open U > x there is a compact
K c U such that x is in the interior of K.

Examples of locally compact spaces include all compact spaces, R?, and GL(n), the space
of all invertible n by n matrices. A non-example is ¢2, and likewise every infinite dimen-
sional Hausdorff topological vector space.

Denote by C.(X) the linear space of all real continuous functions on X with compact
support. We endow it with the (uniform/sup) norm | /|| = max,cx |f(x)|. Note that this is not
a Banach space, unless X is compact.

Given a measure p on (X, %x), we would like to define a positive linear functional ¢, as
above by

ou(f) =ffdu-

However, this might not be finite. To ensure that it is finite, we need to require that
w(suppf) < co. This motivates the first part of the following definition.
A measure u on (X,%Byx) is said to be Radon if
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1. w(K) < oo for all compact K < X.
2.
@A) =inf{u(U) : open U s.t. A cU} (6.2)

for all A € Bx.

w(A) = sup{u(K) : compact K s.t. K < A} (6.3)

for all open A c X.

Theorem 6.6 (Riesz Representation Theorem for locally compact spaces). Let X be a locally
compact Hausdorff topological space. For every positive linear functional ¢ on C.(X) there is
a (unique) Radon measure u such that ¢ = ¢,

We say that a measure is regular if (6.2) and (6.3) hold for all Borel sets. It turns out
that every o-finite Radon measure is regular.

The next result shows that for “nice” locally compact Hausdorff spaces the Radon mea-
sures have a simple characterization.

Proposition 6.7. Suppose that X is a locally compact Hausdorff space whose topology has
a countable basis (i.e., X is second countable). Then u is Radon iff (K) < oo for all compact
K.

6.3 Dual of C, (by Shreshth Srivastava and Caden Mikkelsen)

We begin with some preliminaries. Fix an LCH space X. We say a measure yu is a signed
Radon measure if u is a signed measure whose positive and negative variations are Radon.
Define M(X) to be the set of finite signed Radon measures on X. For u e M(X), define
[lull = |ul(X). One can show that with the total variation norm, M(X) is a normed vector
space.

Recall that a continuous function f is said to vanish at infinity if for all € > 0, the set {x :
|f (x)] = €} is compact. For example, 1o 1 vanishes at infinity on [0, 1] and g(x) = % vanishes
at infinity of R and when X is compact, any continuous function vanishes at inﬁility. On the
other hand, h(x) = x and j(x) = ¢* do not vanish at infinity on R.

Recall that Cy(X) denotes the space of continuous functions f : X — R that vanish at infinity
(with the uniform norm), and Cy(X)* is the space of bounded linear functionals from Cy(X)
to R (with the operator norm).

We also must provide a couple of helpful results which we won’t prove here:

Theorem 6.8 (BLT Theorem). Let X be a normed vector space, Y be a Banach space, and A
is a dense linear subspace of X. If T: A — Z is a bounded linear map, then T can be extended
uniquely and continuously to a linear map T': X — Y.
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Proposition 6.9. Let v be a finite measure on (X, #). Then
(a) dv/d|v| has absolute value 1 |v|-a.e.
) if f eL () then | [ fdv| < [IfId|v]

Theorem 6.10 (Lusin’s Theorem). Let u be a Radon measure on an LCH space X, and let
h: X — R be a measurable function that vanishes outside of a set of finite measure. For any
€ >0, there exists f € C.(X) such that f = h except on a set of measure < e. Further, if h is
bounded, f can be taken to satisfy If|l, < |k, where ||-|l, is the uniform norm.

Theorem 6.11 (Riesz Representation Theorem). Let X be an LCH space, and for pe M(X)
and [ € Co(X) let 1,(f) = [fdu (I,:Co(X) — R). Then the map p— I, is an isometric
isomorphism from M(X) to Co(X)*.

Proof. Let I : M(X) — Co(X)* be our map, i.e. I(u)=1,. It’s clear that I is a vector space
homomorphism. We now show that I is injective and an isometry.

If uekerl, then I(f) =1,(f)=0 for all f € Co(X). Pick any set A < X. We show u(A)<e¢
for any €. Let € be given, and let f € C.(X) be the f provided by Lusin’s theorem with
h =14 (using %). Let E be the set on which f,14 differ. Then, we have u(A) = fX Tadu =
Jxladp— [xfdu= [y 1a—fdu= [gla—fdu<2- uE)<e (where we use the fact that since
£, <kl =1, we have sup,g(1a — f)(x) < 2). Thus, p is the zero measure, implying that
I is injective.

We now prove ||u|| = [|1,]l], implying that I is an isometry.

First, we show ||I,| <||ull. To do this, we argue that |I,J(f)| <Ifllyllull. We have that

14l = | ran
< f If1d|u| by Proposition 6.9(b)
X

<Ifll - || (X
= [1£ a1l

Recall that ||,]| = sup{|Iu(f)| :Ifll. = 1}. For any f such that ||f]|, = 1, we have that
[T.(F)] = 1IF 1l llpll = 11pl]. We conclude that [11,,]] < [|ull.

Next, we argue that |[ull < |[I,]l. Let h = d,u/d|u|. Note that |A| =1 and du = hd|u|. We'll
prove that for any £ > 0, [|ull < [[[,(f)I| +¢&. Take € > 0. By Lusin’s theorem, there is some
f € C.(X) such that & = f except on a set E of measure < %, and |||l =kl = 1. Then, we

78



have

el = | ] (X)

= | n-nalul
X
:f hdu sinced,u:hd|u|
X
< fhdu'
X
= fh—f+fdu‘
X
th—fd/,t+ffd/,t'
X b'¢
5f|h|+|f|d|u|+ffdu since h—fis 0 on X \E
E X
Sf2d|u|+ffdu'
E X
:2.|#|(E)+ffdu‘
b'e
<e+I,(f)l
<e+ |l

We conclude that our map is an isometry.

We now show that I is surjective. Consider any I =I* -1~ € Co(X)*. Taking the restriction of
the positive and negative variations to C.(X)*, we can apply the Riesz Representation Theo-
rem for LCH spaces to show that I*(f) |c,x)= / fdu* for some Radon measures u*. Namely,
I le,x)=J fAd(u"—p™) = [ fdu for some p € M(X). By the Bounded Linear Transformation
Theorem, this can be continuously extended uniquely to I, iff I(f) |c,x) is bounded, which
follows because pu is finite. Thus, I is surjective. O

From this result, we immediately get the following corollary.

Corollary 6.12. If X is a compact Hausdorff space, then C(X)* is isometrically isomorphic
to M(X).

In fact, in this case M(X) is the space of finite regular Borel measures on X because if X
is o—compact, all Radon measures are regular, and clearly all finite regular measures are
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Radon.

Example: Consider Cla,b] = Cola,b], the space of continuous functions on the compact
set [a,b] € R. Given some I € Cla,b]*, we know from the Riesz Representation Theorem
that there exists a finite, regular Borel measure y such that I(f) = ff fdu. Consider the
measure’s cumulative distribution function F(¢) = ula,t]. We can rewrite our functional

b b b
I(f) = f fdu=—f(@)la} + f fdF, = f FAF, +G )

where G4} = —Yuiayi{a} and the latter two expressions use the Lebesgue-Stieltjes integral.
In this way, we can identify each I € Cla,b]* with some right-continuous function F of
bounded variation such that F'(a) = 0. This sounds quite similar to NBV[a, b], and in fact,
it can be shown that under the variation norm (norm of a function is its total variation)
Cla,b]* =NBV[a,b].

As a final application of the Riesz Representation Theorem, we define a topology on M(X)
called the vague topology. We identify M(X) with Cy(X)* and define the vague topology
on M(X) to be the weak™* topology on C¢(X)*. Namely, u,, — p if and only if [ fdu, — [fdu
for all f € Cyp(X)*. There is a rather convenient way to determine convergence in M(R) under
this topology:

Proposition 6.13. Suppose u, 1, tg, - € M(R), and let F,(x) = p,((—oo,x]) and F(x) = u((—oo, x]).
If sup,, ||,un || <ooand F, — F at every x for which F is continuous, then p, — pvaguely. Con-
versely, if u, — | vaguely, then sup, || Un || < oo, and if the u, are positive, then F,, — F at
every x for which F is continuous.

Proof. For the first statement, by Theorem 3.23, we know that F' has at most countably
many discontinuities, meaning F',, — F' a.e. For any continuously differentiable f with com-
pact support, by integration by parts, we see

where the integrals converge because F, — F' almost everywhere. This shows the result
for all f € Cy(R) such that f is continuously differentiable with compact support. We state
without proof that these f are dense in Cy(R), so the integrals must converge everywhere in
Co(R).

For the opposite direction, if the y,, — u vaguely, then for all f € Co(R), [ fndu — [ fdu. Co(R)
is a Banach space, so by the uniform boundedness principle and the Riesz Representation
Theorem, sup,, ||,un || = sup,, ||I tin || < oo. If each u, is positive, then clearly u is positive, Let
F(x) be continuous at x =a, N € N, and define f tobe 1 on [-N,al, 0 on (co,—N —¢e]Ula +¢&,00),
and linear between. We see that

Fn(a)—Fn(—N):,un((—N,a])sffdun—>ffd,uSF(oH-e)—F(—N—e).
R R
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As N — oo, we see F,,(—N) = y,((-00,—N1) — 0, and F'(—N —¢) = u((—oco,—N —¢]) = 0. N,n,¢
are arbitrary, so limsup,,_..,Fr(a) < F(a). If f is instead defined to be 1 on [-N +¢,a —¢€], 0
on (—oo, N]U[a,o00) and linear between, we see

Fn(a—e)—Fn(—N+£):,un((—N+8,a—£])2ffd,un—>ffdu2F(a)—F(—N).
R R

Thus, liminf,, . F,(a) < F(a), so F,(a) — F(a).
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7 Exercises

1. Independent fair coin tosses. Measures are important in probability, where they
model the chance of uncertain outcomes. Probability measures are measures that
assign unit measure to the entire space.

For example, let Q = {-1,+1}" for some N € N. We think of elements of Q as functions
w:{1,...,N} — {-1,+1}. The i.i.d. (independent and identically distributed) Bernoulli
measure [i: 292 10,11 is given by u(A) = 27N |A|. To see why this captures the idea of
independent tosses, define for i <N the map T;: Q — Q by

. f i
[Ti(w)]u):{w SERA
-w(y) ifj=1i.

The measure p is T;-invariant: u(7;(A)) = u(A) for all A € Q, i.e., the probability of
an outcome does not change if we consider the outcome in which the ith coin has the
opposite sign.

Let & ={-1,+1}N. We think of elements of & as functions w: N — {-1,+1}. We endow
% with the topology of pointwise convergence: lim, w, = w if for all i € N it holds that
lim, w,(i) = w(i) (note that this implies that the sequence w,(i) eventually stabilizes
on w(i)). With this topology, & is also known as the Cantor space.

(a) Prove that this topology is also the topology generated by the metric D: & x % —
R-o given by

D(w,0)=inf27" : (w(1),...,wN)) = (0(1),...,0(N)).

(b) Prove that U <€ & is clopen (both closed and open) if and only if there is some
NeNand A c{-1,+1}" such that

U={weZX : (u(),...,0(N)) € A}.

(c) Prove that U c & is open if and only if it is a countable union of clopen sets.

(d) We would like to extend our i.i.d. measure from the finite setting to the infinite
setting. I.e., we would like to find a probability measure u: 2% — [0,1] such that
W(T;(A)) = u(A) for all A < ¥ and i e N. Prove that this is impossible.

(e) Let of be the collection of clopen sets of &. Prove that it is an algebra.
(f) Define p: &« —[0,1] as follows. Given A c {-1,+1}" and

U={weX : (w(l),...,0(N)) e A},

let p(U) = 27N |A|. Show that Q is a premeasure.

(g) Use Carathéodory’s Theorem to show that there is a probability measure on the
Borel o-algebra of & that is invariant to {7;};en.
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2. Countable additivity from dominance. Let ((2,XZ) be a measurable space, and let
p: X —[0,00] be a measure. We say that u dominates a map v: £ — [0,00] if u(A) = v(A)
forall AeX.

Show that if y is a finite measure (i.e., u({2) < 00), v is a finitely additive measure v,
and u dominates v, then v is in fact a measure.

3. Criticality of o-finite hypothesis to Theorem 1.9. Let </ be the collection of all
subsets in R that can be expressed as finite unions of half-open intervals [a,b). Let
Ko : &/ — [0,00] be the function such that puo(E) =oco if E # @ and po(@) =0.

(a) Show that g is a premeasure.
(b) Show that .# (<) is the Borel o-algebra %p.

(c) Show that the extension u: %Bg — [0,00] of yg defined by 1.1 and Theorem 1.8
assigns an infinite measure to any non-empty Borel set.

(d) Show that the counting measure u.(A) = |A| is another extension of py on %Bg.

4. Completing the measure extension. Let yy: .o/ — [0,00] be a premeasure which
is o-finite and let u: £ — [0,00] be its (unique!) extension on the o-algebra X of u*-
measureable sets (recall that ~ may be even larger than .#(</), the o-algebra gener-
ated by «).

(a) Show thatif E € Z, then there is an F € .# (<) containing E such that y(F\E)=0
(thus F consists of the union of E and a null set). Furthermore, show that F can
be chosen to be a countable intersection F' = ﬂ‘J’.‘;lF ; of sets F'j, each of which is a
countable union F; =72 Fj ), of sets F;, € o/ (i.e., F is an element of /).

(b) If E € Z has finite measure, and € > 0, show that there exists F € &/ such that
WEAF) <€, where

EAF =(EUF)\(EnF)=(E\F)uU(F\E)

is the symmetric difference of E and F'.

(c) Conversely, if E is a set such that for every € > 0 there exists F' € &/ such that
U (EAF) < ¢, show that E € Z.

5. Axioms of integration with countable additivity. Let ((,X, u) be a o-finite mea-
sure space. Recall that L* is the set of measurable functions from Q to Rxq.

(a) Suppose that ®: L* — [0,00] satisfies the following axioms of integration for
f,f1,fe,...€ L":
¢ Calibration. If f =14 then ®(f) = u(A).
* Homogeneity. ®(1- )= A®(f) for all 1 = 0.

¢ Countable additivity. ®(}_, 1) =Y, ®(f,) whenever }_, fr(w) < oo for all
w.
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Show that ®(f) = [fdu. You can use any result stated in these lecture notes,
except Theorem 2.3.

(b) Give an example of ¥: L™ — [0,00] that satisfies calibration, homogeneity and
(finite) additivity such that W(f) # [ f du for some f e L™.

6. The Fundamental Theorem of Calculus. Let (2,%,u) be a measure space, and

10.

consider f e L, f = 0.

(a) Show that py: X —[0,00], us(A) = [, f du is a finite measure.

(b) Consider the case that u is the Lebesgue measure on R and f is continuous. Let
F(x) = pg((—o0,x]) and prove that %(x) = f(x).

. Uniform Convergence From Pointwise Convergence. Let u: £ — [0,1] be a o-

finite measure. Show that if f,, — f pointwise a.e. then there exist A1,Aq,... € Q such
that A, €A, 1, U,A, is co-null, and on each A, convergence is uniform.

Comparison of Measures. Let ((2,X) be a measurable space, and let y,n be finite
measures on it.

(a) Prove or disprove: If u and n are equivalent (i.e., have the same null sets) then
f» — [ in measure according to u iff f,, — f in measure according to 7.

(b) Show that the following are equivalent:

® There exists some C > 0 such that for all A € X it holds that u(A) < Cn(A) and
n(A) < Cu(A).

* Li(Q,Z, ) =L1(€2, 2,1).

. The Area under a Function. Let (R,%g,A) be the Borel o-algebra on R equipped

with the Lebesgue measure. Let 7 = A x A, the product measure defined on (R? %y ®
Br).

Let f: R — R>o be measurable. Then a natural notion of the “areas under f” is

n({x, ) eR?: 0<y < f(x)}).

Show that this notion coincides with integration, our previous notion of the “area un-
der f”:

ﬂ({(x,y)euq@ : OSySf(x)}):ffd)L.

The Cantor space. Let Z ={0,2}", endowed with the topology of pointwise conver-
gence. As in exercise 1, let u be the probability measure on (%', %) such that for every
A <{0,2}" it holds that

plwe Z : (wQ),...,0(N) e AD) =27|A].
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11

12

13

14

15

16

Let n: & — R be given by

m(w) = ozo: 3 "w(n).

n=1
Let v=m,u. Le., v(A) = w(r~1(A)). Equivalently,
v((=00,b]) = p({w : n(w) < b}).
(a) Show that v is non-atomic, i.e., v({x}) = O for all x € R. Equivalently, b — v((—o0, b])
is continuous.
(b) Show that v and the Lebesgue measure are mutually singular.
(c) Prove that there exists a continuous increasing function F': R — R such that

lim, oo F(x) =0, lim,_., =1, and F is a.e. differentiable with F' = 0.

. Total variation of differentiable functions. Let F': [a,b] — R be continuously dif-
ferentiable. Show that Tr[a,b] = fab |F'(x)|dx.

. The vector space of finite signed measures. Let V be the vector space of fi-
nite signed measures on (R, %), endowed with the total variation norm ||17||TV = nl(R).
Prove or disprove that V is a Banach space.

. The averaging operator. Recall that given f € L1(R%, %, 1), we defined

Alxg)=Cyr@ f f dx.
Br(xo)

Let T be the map f — Af . Prove or disprove that T is a bounded linear map L' — L.

. Automatic continuity. Let X be a compact topological space, and let V = C(X) be
the vector space of continuous functions f: X — R, equipped with the norm ||f|,, =
maxyex | f (%)l

We say that a map ¢: V — R is additive if ¢(f + g) = o(f) + ¢(g). We say that ¢ is
monotone if f = g implies ¢(f) = ¢(g). Show that every monotone additive map is
linear and continuous.

. Weak and strong convergence. Let /# be a Hilbert space and let v,, € # converge
weakly to a limit v € A (i.e., lim, (v,,w) = (v,w) for all w € #°). Prove or disprove that
the following statements are equivalent:

* v, converges strongly to v (i.e., lim, [lv, —v| =0).

* lim, [[v,ll = llvl.

. The union of /¢ for all ¢ less than p. Fix g > 1.
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(a) Show that for any 1< p <q it holds that {f € £7 : |[f], < n} is a closed subset of
¢? that is nowhere dense. You can use Proposition 5.4.

(b) Using the Baire Category Theorem, deduce from this that there exists a f € ¢9
such that f ¢ ¢? for any p €[1,q).

17. Closed linear operators. Let V,W be Banach spaces, and let 7: V — W be a linear
map. The graph of T'is I'(T) = {(v,w)e V xW : w = Tv}.

(a) Show that I'(T") is a linear subspace of V x W.
(b) Show that if I'(T) is closed then T is continuous.

18. A linear functional of L*°. Show that there exists a bounded linear functional ¢ on
L°°([0,1]) such that ¢(f) = f(0) for every continuous f. You can use Theorem 4.6.

19. Shift invariant means on /. Let V = /*°(N), i.e., V is the space of bounded func-
tions from N to R. Denote by o: N — N the function o(z) = z + 1, and let the shift
operator T: V — V be given by T'f = f oo. Denote by 1 € V the constant function z — 1.
Denote the set of means by

M={peV*:¢1)=1and ¢(f) =0 for all f=0}.

(a) Show that T is a bounded linear operator.
(b) Show that M is nonempty and closed in the weak* topology.

(c) Show that there exists a shift-invariant mean: a ¢ € M such that ¢oT = ¢. You
can use Theorem 4.28.

(d) Show that for any shift-invariant mean ¢ it holds that ¢(g) = 0 for all finitely
supported g, and that for all f € />

lin}Linff(n) <@(f) <limsupf(n).
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